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Abstract

An endomorphism of a finite algebra is said to be highest if its
pre-period is greater than or equal to the pre-period of all its endo-
morphisms. In this paper, we characterize all highest endomorphisms
of a Boolean lattice.

1 Introduction

One of the significant algebras is a monounary algebra which consists of
a set and a unary operation on it. The advantage is its easy visualization.
The important theories of unary and monounary algebras are shown in many
monographs; for instance, [7, 9, 10, 11].

Let f : A — A be a unary function on a set A. An element a € A is
called a cyclic if f"(a) = a for some n € N. The height of an element x € A,
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denoted by ht(z), is the least non-negative integer 7 such that f*(x) is a cyclic
element. The height of the finite monounary algebra (A, f) is defined by

ht(A, f) ;== max {ht(z) | z € A}.

In other words, the height of (A, f) is the least non-negative integer A(f)
satisfying fA)(A) = fAHF1(A) and it is known as the pre-period of f [14,
15).

It is well-known that any algebra can be connected with monounary al-
gebras by the notion of endomorphism [5, 6, 8, 12, 13]. For any finite algebra
A and its endomorphism f, one can see that |A| — 1 is an upper bound of
A(f). So there exists an endomorphism v, called highest endomorphism, with
A(®) > A(g) for all endomorphisms g of A. In [1, 2, 3, 4], the authors focused
on a finite lattice and showed that, for a finite modular L, the pre-period of
its endomorphism is less than or equal to the length of L where the length
¢(L) of L is defined by |C| — 1 for the longest chain C'in L. A finite modular
lattice L is said to have the mazimum pre-period property (briefly MPP) if
ML) = ¢(L). They gave a necessary and sufficient condition of the highest
endomorphism of lattice having MPP.

A bounded distributive lattice B is said to be Boolean if, for each a € B,
there exists an element (unique) a', called the complement of a, such that
a A a' is the bottom and a V d’ is the top. A Boolean lattice has MPP [3]
and there are some highest endomorphisms. Consequently, it is interesting
to find all highest endomorphisms of a Boolean lattice.

2 Preliminaries

Let P be an ordered set and let z,y € P. We say that x is covered by
y, written as x < yory = x,if r < y and z < 2z < y implies z = x.
An n-element chain is the ordered set {¢; < ¢2 < ... < ¢,}, denoted by
n. It is well-known that a Boolean lattice is the direct power 2™. A unary
operation f of a lattice L = (L;V,A) is said to be an endomorphism if
flavb) = f(a)V f(b) and f(aAb) = f(a) A f(b) for all a,b € L.

The following result follows from Corollary 6 in [2].

Theorem 2.1. Let L be a finite modular lattice with the top 1, the bottom
0 and /(L) = n and let f be an endomorphism of L. Then A(f) = n if and
only if either

0= (1)< )=<...<f1)=<1
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or

0= f(0)=<...< f"10) < f*(0) =1.

Moreover, such f is highest.

Example 2.1. Let 2 = {0 < 1}. The endomorphisms f : 2" — 2" and
f?: 2" — 2" defined by

f(a17"’7an): (Ouala"'7an—1)

and
fa(al, coan) = (Lay, ... a,-1)

for all ay,...,a, € {0,1} are highest.

3 All highest endomorphisms of 2"

Let S,, be the set of all permutations on {1,...,n}. For each set A, we
consider an element a = (aq, . ..,a,) in A™ as the functiona : {1,...,n} - A
defined by a(i) = a; for all i € {1,...,n}. Note that 2" is a lattice having
the length n with the top 1 = (1,...,1) and the bottom 0 = (0,...,0) and
for each @, b € 2",

(@aVvb)(i) =a(i)Vbi)
and

(@A b)(i) = a(i) Ab(i)
for all i € {1,...,n}. We are going to define highest endomorphisms which
are general forms of the functions in Example 2.1.

Theorem 3.1. For each o € S,,, define 1, : 2" — 2" and 2 : 2" — 2" by

a(o(i—1)) ifi>1,

Vo(a)(o(i)) = {O ifi=1

and
Pye N a(o(i—1)) ifi>1,
w2(@)(o() {1 L
for all @ € 2". Then 1, and 9? are highest endomorphisms of 2" for all
oeSs,.
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Proof. Let o € S,, and let @,b € 2". Then for each i € {1,...,n},

Glavh)ot) = ¢TI
_ Jaleli-1)) Vb(o(i—1)) ifi>1,
0 if i =1
= Yo(@)(0(1)) V 6 (b

) / Yo (b) (0 (7))
= (o(@) Ve (b)) (o (i)

Hence, 1, (aV b) = 1,(a) V 1, (b). Similarly, we get 1, and 2 are endomor-
phisms. Moreover, for each 1 < k < n,

o 1 it {o(1),02), . ok},
Yo = {o itie {o(1),002),...,0(k)}
and
e 1 it {o(1).02).. .. o(k)},
(W) 0)() = {o iti¢ {o(1),0(2),.... 00k}

These imply that

D (D) om0 (1) = 03D = 0

and
0 <97(0) < -+ < )" (0) < (¥9)"(0) = 1.
Hence, 1, and 92 are highest. O

We see that 1, and ¢? are the functions f and f? in Example 2.1, respec-
tively where ¢ is the identity map on {1,...,n}.

Theorem 3.2. A highest endomorphism of 2" is exactly either 1, or ¥? for
some g € S,.

Proof. Let f be a highest endomorphism of 2". Then A(f) = n. Suppose
that

I=f1) == Y1) = (1) =0.
Then there exists j; € {1,...,n} such that
{1 if i # i,

FE =4, if i = j,.
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Similarly, there exists j, € {1,...,n} such that

S 1 ifi%{jlaj2}>
SF)@) = {0 if i € {J1, 72}

Proceeding in this manner, for each 1 < k < n, there exists j, € {1,...,n}
such that
o 1 ifdid L. .., ),
)@ = b T (3.1)
0 ifie{ji,....J}

We define a permutation o on {1,...,n} by o(k) = ji for all k € {1,...,n}.
We will show that f = 1,. For each j € {1,...,n}, the atom a; of 2" is

defined by
. 1 ife=y,
a; (i) = e
0 ifi#j.
It suffices to show that f(G,(;)) = ¥s(Go)) for all j € {1,...,n}. Let
j € {1,...,n} and, for convenience, let Gy(,41) = 0. Since Gy (j11)(0(1)) =

0 = Y5 (0(j))(c(1)) and for each i € {2,...,n}

Vollo(j)(0(i) = ao((o(i—1))

{1 ifali—1) = a(j),
0 ife(i—1) # o(j)
1 ite() =o(j+1),
0 ifali) # ol +1)
A (j+1)(0 (1)),
we have v, (as(j)) = Go(j+1)- By equation 3.1, we get
F(@oimy V-V Go(n)) = Goiman) V- -+ V o) (3.2)

for all m € {1,...,n}. Assume that f(G,(;)) = (¢1,...,2,). Then by equa-
tion 3.2,

o(jt1) V  V Ao(m) = fao() V -+ V Go(n))
= [(ao()) V flo(+1) V-V lg(m))
= (:L’l, - ,:l?n) V ag(j2) V-V Ag(n)



424 A. Charoenpol, U. Chotwattakawanit

which implies that 2,y = -+ = 2,y = 0 and z,(;41) = 1. Since

0= f(0) = f(@o) A (@o(it1) V -+ V Go(n)))
F(@oy) A f@ogirny V-V agm))

= (:L’l, - ,[l?n) N Qo(j42) V -+ V Qo(n),
we get Ty(jro) = 10 = Tom) = 0. Hence f(Gy()) = o(j+1) = Yol(lo(j)).
Since j is arbitrary and o is a permutation on {1,...,n}, we have f = 1,.

Similarly, if
0= f(0)<--- < f710) < f*(0) =1,

then f = ¢? for some o € S,,. O
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