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Abstract

The main goal here is to introduce another type of fuzzy normed
space which we call a convex fuzzy normed space. Moreover, we give
important properties of such a space.

1 Introduction

In 2012, Kider [1] defined new types of fuzzy normed spaces. Then, in 2017,
Kider and Kadhum [2] introduced the fuzzy norm for a fuzzy bounded lin-
ear operator on a fuzzy normed space. Later, in 2018, Kider and Ali [3]
introduced the notion of fuzzy absolute value and they investigated basic
properties of the finite dimensional fuzzy normed space. In 2019, Gheeab
and Kider [4] gave the definition of a general fuzzy normed space. In the
same year, Kadhum and Kider [5] presented the notion of a fuzzy compact
linear operator and studied its basic properties. In 2020, Kider and Khudhair
[6] proved some properties of fuzzy compact a-fuzzy normed space and finite
dimensional a-fuzzy normed space. In 2022, Khalaf and Kider [7] extended a
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linear operator on a-fuzzy normed space when it is fuzzy compact. In 2023,
Abbas and Kider [8] showed basic properties of a-fuzzy normed algebra.

2 The convex fuzzy absolute value and its
basic properties

Definition 2.1. /8] If U # 0, then a fuzzy set D: U — [0,1] in U is a
function with 0 < D(u) < 1 for allu € U.

Definition 2.2. Let Agx: R — [0, 1] be a fuzzy set that satisfies:

(1)Ar(0) € [0,1],

(2)Ar(7) =0 <=1~ =0,

(3)Ar(7)-Ar(9) > Ar(79),

(4)0Ar(7y) + pAr(0) > Agr(y +9),

forallo, p € [0, 1] with o + p =1 and for all v, § € R.

Then (R, Ag) is called a convex fuzzy absolute value space or simply c-FAVS.

Definition 2.3. If (R, Ar) is a convex fuzzy absolute value space, then de-
fine Ag(a)= Agr(—a) for alla € R and Ar(1)=1.

if 0#£0
if 60=0
for all 6 € R. Then (R, All ) is a conver fuzzy absolute value space.

1
Example 2.4. Define A': R —[0,1] by AH(@6) = { gl

Example 2.5. Let Aj (o) = %ﬂa‘ for all « € R, where (R,]|.|) is the absolute

value space. Then (R, Ay ) is a convex fuzzy absolute value space.

Definition 2.6. Let (R, Ag) be a convex fuzzy absolute value space and let
{au}re, be a sequence in R. Then {ay}y- , is convex fuzzy and approaches o €

R when k — oo if Vo € (0,1), 3N € N such that Ag (cx—a) < o, for all k>
N. We write limy_,o ) = @ o1 ac—>v as k — 00 or limy_,oo Ag(ax—a) = 0.

Theorem 2.7. Let (R, Ar) be a convex fuzzy absolute value space and let
{aw}=, be a sequence in R such that ax—a and ox—f as k — oo. Then

a=p.

Definition 2.8. Let (R, Ar) be a convex fuzzy absolute value space and let
{an}ie, € R, then {ay i, is a conver fuzzy Cauchy sequence in R if V o €
(0,1), 3N € N such that Ag (an—a) < 0,V n, m > N.
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Theorem 2.9. Let (R, Ag) be the convex fuzzy absolute value space and let
{au}io, be a sequence in R such that cue—>cv as k — oo, then it is convex fuzzy
Cauchy.

Theorem 2.10. Let (R, Ar) be a convex fuzzy absolute value space and
let {ow}yo, be a sequence in R such that ax—av then all (o) C {ow e,
satisfying oy, —ov.

Definition 2.11. Let (R, Ag) be convex fuzzy absolute value space. The
sequence {oy} -, in R is said to be convex fuzzy bounded if there exists a €
[0,1] such that Ar (o) < a, for all k € N.

Theorem 2.12. Let (R, Ar) be a convex fuzzy absolute value space. If the
sequence {0y}, in R is convex fuzzy approaches to the limit o. Then it is
conver fuzzy bounded.

Proof. Suppose that {oy},—, in R is convex fuzzy and approaches the limit
o as k — oo. Then for every a € (0, 1) there exists N € N such that
Agr(ox—0) < «, for all £ > N. This implies that Ag(oy) = Ar(0 + ox—0) <
vAR(0) + 0 Ar(0x—0) < YARr(0) + dar, where v + d=1. Now put 6 = Agr(0),
for some 6 € [0,1]. Then Agr(ox) < v+ da. Choose p € [0,1] with v0+
dav < p. Hence Ag(ox) < p, for each k € N. Thus {oy},-, is convex fuzzy
bounded. O

Theorem 2.13. Let (R, Ag) be a convex fuzzy absolute value space and let
{ontieys {0}, be two sequences in R. If {0}, is convex fuzzy approaches
o ask — oo and {0}, is convex fuzzy and approaches 6 as k — oo. Then
(1) {ox+0x}—, is convex fuzzy and approaches o + 0.

(2) {Boy}e, is convex fuzzy and approaches o, for any 0 # 3 € R.

Proof. The proof is clear and hence is omitted. O

Theorem 2.14. Let (R, Ar) be a convexr fuzzy absolute value space and
let {ox}re s {Ok}ee, be two sequences in R. If {0y}, is convex fuzzy and
approaches o as k — oo and {0}, is conver fuzzy and approaches 6 as
k — oo. Then {owb}, is conver fuzzy and approaches o6 as k — co.

Proof. Since {0y}, is convex fuzzy approaches the limit o, for every o
€ (0,1), there exists N; € N such that Ag(ox—0) < « for all k> N;. Also,
since {0y}~ is fuzzy and approaches the limit 6, for every ¢ € (0, 1), there
exists Ny € N such that Ag(—6) < ¢, for all k > Ny. Now, choose N = min{
Ny, Ny }. Then, for each k > N, we have
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AR(aka—aﬁ) = AR(O'ka—O'ek + O'Hk - 0'9) S ’)/AR(O'ka—O'ek) + 5AR(O'¢9k —
00), where v+ d=1. Now, Ag(o 0 —00) < vAr[(ox—0)0k] + 0 Ar[o (6 — )]
S ’}/AR(O'k—O')AR(Qk) + 5AR(U)AR(9k — 9) S ’}/O'AR(Qk) + 5AR(O') 6. Put
Ag(6x)=p and Ar(c)=7 and choose ¢ € (0,1) such that (yop + 4 76) < e.
Thus Ag(ob—00) < ¢, for each k > N.

Hence {oy0y }o, is convex fuzzy and approaches the limit o6 as k — oco. O

3 Properties of Convex Fuzzy Normed Space

Definition 3.1. Let U be a vector space over R, let (R, Ar) be a convex
fuzzy absolute value space, and let MN: U —1 be a fuzzy set. If N satisfies:
(1) 0< N(u) < 1,

(2) N(u) =0 if and only if u=0,

(3) Nlau) < Ag(a) N(u) for all 0# a € R,

(4) N(u +v) < AN(u) + 6N(v),

where v + d=1, for all u, v € U. Then (U, N) is called a conver fuzzy
normed space.

Remark 3.2. (1) If 6, o € [0,1], then (ad +(1—a)o) € [0,1], for any « €
[0,1]. In general, if o1, 09, ...,0% € [0,1], then (o1 + agos + ...+ auoy)
€ [0, 1] for any an, ao, ..., € [0, 1] with aq+ as+ ...+ ax=1.

Proof. Since ad < o and (1—a)o < (1—a), (@d +(1—a)o) < a + (1—a)=1.

Similarly, since a0y < g, ooy < @y ...y Qo <, (@107 + Qoo+ ..+

o) < a1+ st ...+ ap=1.

(2) By induction, it is clear that DM(u;+ uo+ ...+ uk) < 619 (u1) +6292(u2)

+, ooy FM(ug) for all uy, ug, ... u, € U where §1+ do+ ....+03=1. O
% if u#0

Example 8.3, Define 9124 by 90w) = { TT 17

for allu € U. Then U, M) is convex fuzzy normed space and is called

the conver fuzzy normed space induced by ||.||.

Proof. We show that all conditions of Definition 3.1 are satisfied.

(1) It is clear that 9tlll(u) € I.

(2) NI (w)=0 if and only if u=0 follows immediately from the definition of
oyl

(3) Ap(a)- M) = L1 — 1 — gl (au).

laf flull — [loc|

(4) v 9l () + 69U (v) = 20 + ﬁ — vlllrjlﬁlillllull > = (u+v).

Hence (U, M) is a convex fuzzy normed space when y+d=1. O
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Theorem 3.4. If we define M: R —1 by N(a)= Ar(e,) for all a € R, then
(R, N) is a conver fuzzy normed space.

Proof. We show that all conditions of Definition 3.1 are satisfied:

(1) It is clear that M(a) € I, for all @ € R.

(2) M(a)=0 if and only if Ag(a)=0 if and only if « =0.

(3) N(apf) = Ar(af) < Ar(a) . Ar(5) = N(a) N(B) for all 0# a € R.
(4) N(a+ ) = Ar(a+ B) < yAr(a) + 6AR(B) = YN(«) + ON(S).

where v + d=1. Hence (R, 0M) is a convex fuzzy normed space. O

Example 3.5. Let U = Cla,b]. Let M(g) = mazacp, v Arfg()], for all g
€ U. Then (U, N) is a convex fuzzy normed space.

Proof. We show that all conditions of Definition 3.1 are satisfied:

(1) It is clear that DM(g) €l for all g € U.

(2) M(g) = 0 if and only if mazacp, y Arlg(a)]= 0 if and only if Ar[g(a)]

=0 for all @ € [a, b] if and only if g(a))=0, for all « € [a, b] if and only if g =0.

(3) V(o) = maacin, yAzlog(a)] < Az (o) mataci 5Azlg(@)] = Ar(o) Ng).

for all 0+ o € R.

(4) e = maaere Az [(9-4)(0)] = maxacrAx[(9(0) +4(@)] < mazac, 5 Ax(9(0)]+
MaZacla, )0 Ar[(k(cr)], where v+ 6=1. Now, N(g+k) < ymazacp, yAr((g9(a)]+
dmazaepy, yAr[(k(e)] = v N(g) + 09(k). Hence (U, N) is a convex fuzzy

normed space. O

Example 3.6. Define M (u) = %, for all w € U when U, ||.||) is a

normed space. Then (U, Ny) is a convex fuzzy normed space.

Proof. To prove that 97 satisfies all the conditions of Definition 3.1,
(1) 0< ‘ﬁ”.”(u) < 1 for all u € U;

(2) u=0+ [u] =0 = il = 0 = 2 (w) = 0;
(3) My (ou) = 1y = Ty < [Tl i) = Au(e): My (u);

(4) To prove M (u+ v) < &My (w) + BNy (v), for all u, v, € U,
put f=(1—a«). Then
1 1 af[ull+(1=a)|v]|

_ _ 1 _
Myy(u+v) =1 - g < Tl ool = Tralult(-ao] =
aMy () + BNy (v). Thus (U, Ny) is a convex fuzzy normed space. O

Theorem 3.7. Let (U, My) and Uz, Ny) be conver fuzzy normed spaces
and let U = Uy X Us. Then (U, N) is a convexr fuzzy normed space, where
MN[(uy, uz)] = Y (uy) + Mo (ug), for all (uy, uy) € U where v + 6=1.



350 H. Y. Daher, J. R. Kider

Proof. We show that all conditions of Definition 3.1 are satisfied.

(1) Since 0< My (u1) < 1 and 0< MNy(ug) < 1, 0< NM[(ug, ug)] <1

(2) M|(u1, uz)]=0 if and only if ¥ (uy) + 692 (ue)=0 if and only if My (uy)=0
and Ny (u2)=0 if and only if u;=0 and uy=0 if and only if (u1,us) = (0,0)
(3) Nev(uq, uz)]= nf(au, auz)] = ¥M (auy) + Mo (auz) < Ar(a). YD (auq)+
Ar(@). M (ug) < Ar(a) [y (u1) + 02 (ug)|=a(c). nf(uy, ug)]

(4) ‘ﬁ[(ul, UQ) + (Ul, ’Ug)] = ‘ﬁ[(ul + Ul) + (Ug +’Ug)] = vml(ul + Ul) + 5m2(U2 +
v9) < YoMy (uy) + 0Ny (v1)] + d[oM2(uz) + 0Na(ve)],

where v +0=1 and o + 6=1.

NOW, ‘ﬁ[(ul, UQ) + (Ul, Ug)] S a[y‘ﬁl(ul) + 5‘)12(712)] + 9[’)/911(1)1) + 5‘312(1)2)] =
oN|(uy, ug)| +0M[(v1,v2)]. Hence (U, N) is a convex fuzzy normed space. [

Now, the following corollaries follow easily.

Corollary 3.8. If Uy, 1), Uz, N2), ..., U, M) are algebra fuzzy normed
spaces, then (U, N) is convex fuzzy normed space, where U= Uy X Uy X ...
x U, and ‘ﬂ/(ul, Ug, ..., uk)/: 51‘)?1(u1) +09 mg(UQ) + ... 40k ‘ﬁk(uk),
for all(uy, us, ...,ux) € U where 61+ o+ ....+d3=1.

Corollary 3.9. If U, N) is a convex fuzzy normed space, then (U, )
is a convex fuzzy normed space, where UF=U x Ux....x U (k-times) and
Ny [(ur, ua, ... ux)]= 6N (ur) +03 M(ug) + ... +6 N(ux) for all (uy, us,
R ,uk) S U, where 01+ 0o+ ....+0p=1.

Definition 3.10. Let U, N) be a convexr fuzzy normed space and let (uy)
be a sequence in U. We say that (uy) is convez fuzzy convergent to the limit
w as k approaches to oo if, for every a € (0, 1), there exists N € N such that
N(uk—u) < «, for all k > N. If (uy) is convex fuzzy convergent to the limit
u, we write imy_,oo ux =u or ux— u as k — infty or im, o, M(ux—u) =0.

Definition 3.11. Suppose that (U, N) is a convex fuzzy normed space. Put
cfo(u, a)={veld: Nu—v) < a} and cdlu, ajJ={veld: Nu—1v)
< a}. Then cfb(u, o) and cfbfu, o is called conver open and convex closed
fuzzy ball with the center u € U and radius o, with o € (0, 1).

Definition 3.12. Let (U, N) be a convex fuzzy normed space and let (uy)
be a sequence in U. We say that (uy) is a convez fuzzy Cauchy sequence in
U if, for every e € (0,1), there exists N € N such that M (ux—un) < €, for
all k,m >N.

Lemma 3.13. Let (UN) be a convex fuzzy normed space and define Ag [N
(w)] =N (u), for all u, v € U. Then AgN (u)—N(v)] < N(u—v), for all
u,v €U.
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Lemma 3.14. If U, N) is a convex fuzzy normed space, then M(u —v) =
N (v—u), for allu,v e U.

Proof. M(u—v) =N[(—1)(v —u)] < Ag(—1). N (v —u) =Ag(1). N (v —u)
=M (v—u); that is, M(u —v) <N (v—u). Similarly, N (v —u) < N(u —v),
from these two inequalities we conclude that M (u —v) = N (v — u), for all
u,v €U. O

Definition 3.15. LetU # 0 and if the fuzzy set M: U x U — [0, 1] satisfies
(1) W(u,v) € (0,1),

(2) u=v <= M(u,v) =0, (3) M(u,v) =M(v,u),

(4) aM(u, w) + M(w, v) > M(u,v), for all a, B € [0,1] with o + B =1 and
for allu, v, w € U.

Then (U, M) is a convexr fuzzy metric space or a c-fuzzy metric space or
simply a c-FMS.

The proof of the next result is clear and hence is omitted.

Theorem 3.16. If (U, N) is a convex fuzzy normed space, then (U, My ) is
a convex fuzzy metric space, where My (u, v) = N(u —v), for all u, v € U.
We call (U, My ) the convex fuzzy metric space induced by N.

Definition 3.17. If (U, N) is a conver fuzzy normed space, then W C U
is known as convex Fuzzy open if cfb(w,ac ) C W, for any arbitrary w € W
and for some o €(0, 1). Also, D C U is known as convez fuzzy closed if DY
is fuzzy open. Moreover, the convex fuzzy closure D of D, is defined to be
the smallest fuzzy closed set containing D. Also, D C U is known as convex
fuzzy dense in U if whenever D = U.

Theorem 3.18. If cfb(u, ) is a convex open fuzzy ball in a convexr fuzzy
normed space (U, N), then it is a convexr fuzzy open set.

Proof. Let ctb(u, o) be a convex open fuzzy ball, where u € Y and « € (0,
1). Let v € cfb(u, o). So N(u—v) < . Let 5 = N(u—v). So f < a. Then
there is 0 € (0,1) such that (y 5 +6 0 ) < a. Now, consider the convex open
fuzzy ball cfb(v, o). We show that cfb(v, o) C cfb(u, «). Let z € ctb(v, o).
SoN(v—z) < o. Hence N(u—2) < N(u—v) +6 N(v—2z), where v +i=1.
Now, M(u — 2) < B +0 0 and so z € cfb(u, «); that is, ctb(v, o) C cfb(u,
a). Therefore, ctb(u, a) is a convex fuzzy open set. O

Theorem 3.19. Let (U, M) be a convex fuzzy normed space.
(1) If { U;: 1 € 1} is a family of convex fuzzy open sets, then Uiy Ui is fuzzy
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open set.
(2) If Uy, Us,. .., Uy Tepresent a finite number of convex fuzzy open set, then
N, U is fuzzy open set.

Proof.

(1) Suppose that { U;: i€ I } is a family of convex fuzzy open sets with U =
Uier U;. Let U € U. Then U € Uier U;. So w € U, for some ¢ € 1. Since U is
a convex fuzzy open set, 3 0< o < 1 satisfying cftb(U, o) C U;. Thus cfb(U,
o) C Ui C Uer Uy = W, that is, U is a convex fuzzy open set.

(2) Let Uy, Us,. ..., Uy be convex fuzzy open sets and put V = N . We
show that V is a convex fuzzy open set. Let v € V. Then v € U, for each
1 <i<k.Hence 30 < a; < 1 satisfying cfb(v, o) C U; since U; is a convex
fuzzy open Vi = 1,2,.. k. Let a =min{ o : 1 < i<k }.Soa <, V1
< i < k. So cfb(v, @) C U for all 1 < i < k. Therefore, cfb(v, ) C NE_ U =
V, thus V is a convex fuzzy open set. O

Definition 3.20. [8] If X # 0, then a collection J of fuzzy subsets of X is
a fuzzy topology or simply F'T on X if:

(1) X and () belongs to J,

(2) Zf {Bl el }E :j, then Uier B; € J,

(3) if By, Ba,. ..., By € J, then Ni_,B; € J.

Theorem 3.21. If (U, N) is a convex fuzzy normed space, then it is a fuzzy
topological space.

Proof. If (U, N) is a convex fuzzy normed space, then putting J,,= { W C U:
weW < Jae(0,1) with cfb(w, o) C W }. Therefore, J,, must be a
fuzzy topology on U.

(1) 0, U € Fm;

(2) Suppose that { B;: i€l } € J,,, then Uier B; € J,,, by Definition 3.20.
(3) Let By, Bs,. ..., B, € Juthen NE_ B, € J,, by Definition 3.20.

Hence (U, J,,) is a fuzzy topological space. O

Definition 3.22. A convex fuzzy normed space (U, N) is said to be a convex
fuzzy complete if for every conver fuzzy Cauchy sequence (uy) in U, uxp — u
eU as k — infty.

Theorem 3.23. In a convexr fuzzy normed space (U, N) if up, —u € U, as
k — infty, then (uy) is convex fuzzy Cauchy.

Proof. Suppose that (uy) in U and vy — u € U as k — infty. Then, for
any o €(0, 1), we can find N with M(u;, — u) < o, for all £ > N. Now, for
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each m,k > N M(up— ) < aMN(up— u) + N(u— w,,), where o + f=1.
Therefore, M(ur— uy,) < ao+ o = 0. Hence (uy) is a convex fuzzy Cauchy
sequence. U

Theorem 3.24. In a conver fuzzy normed space U, N), if (u) € U with
up — u and (dy)e U with N (up— dy.) — 0 as k — oo, then dj, — u.

Proof. Since up — u, N(up— u) — 0 as k — co. Now, N(dy —u) < aN(dx—
ug) + N (up— u) — 0 as k — oo, where a@ + f=1. Hence dj, — u, as
k — infty. O

Theorem 3.25. Let (U, ) be a convex fuzzy normed space with D C U.
Then de D if and only if there is (dy) € D with dy —d as k — co.

Proof. Suppose that d € D. If d € D, then choose the sequence of that
type is (d,d,...,d,...). If d ¢ D, then construct the sequence (dx) € D by
N(dk—d)j &, for each k = 1,2,3,.... Then the convex fuzzy ball cfb(d, )
contains di € D and dy, —d because limy_,,,9t(dy, — d) = 0.

Conversely, if (dx) in D and dy, —d, then d € D or every convex fuzzy ball
of d containing points d, # d, so that d is an accumulation point of of D.
Hence d € D by the definition of closure. O

Theorem 3.26. Let (U, N) be a convex fuzzy normed space with D C U.
Then D= U if and only if for any uw € U there is d € D with N(u — d) < a,
for some a € (0,1).

Proof. Suppose that D is fuzzy dense in & and u € U. So u € D and by
Theorem 3.25 there is a sequence (d,,) € D such that d, —u; that is, for any
a € (0,1), we can find N with 9¥(dx —u) < « for all £ > N. Take d = dy.
So N(u —d) < «a.

Conversely, to prove D is fuzzy dense in U, we have to show that D C D.
Let u € U. Then there is dx € D such that 91(dx —u) < . Now, take 0 < &
< 1 such that i < o, for each k > N for N € N. Hence we have a sequence
(di) € D such that N(d -u) < £ < o for all k > N; that is, dx —u so u €

D. O

Theorem 3.27. If Uy, Ny) and U, Ny) are two convex fuzzy normed
spaces, then (U, M) is a convex fuzzy complete convex fuzzy normed space if
and only if (U, M) and Us, N ) are fuzzy complete, where U= U; X Uy and
N/(uy, uz)] =M (ur) + Mo (us), for all (uy, uz) € U, where v + §=1.



354 H. Y. Daher, J. R. Kider

Proof. Let (Uy, M) and (Us, My) be convex fuzzy complete convex fuzzy
normed spaces. Let (u;) be convex fuzzy Cauchy sequence in U then (uy) =
(uik, uok), where (u1x) € Uy and (ugr) € Us. Hence M(uy, — u,y,) convex fuzzy
converges to zero as k — oo and m — oo this implies that [Y0 (u1x — w1m) +
0Ny (ugg — Uay)| is convex fuzzy convergent to zero as k — oo and m — oc.
Hence M (u1x — w1 ) is convex fuzzy convergent to zero in (U, M) as k — oo
and m — oo and Ma(ug, — gy, ) is convex fuzzy convergent to zero in (Us,
MNy) as k — oo and m — oo. Therefore, (uyx) is a fuzzy Cauchy sequence
in (U, MNy) and (ug) is a fuzzy Cauchy sequence in (Us, My). But (U, M)
and (U, MNy,) are convex fuzzy complete. So there is u; € Uy and us € Us
such that (uyx) convex fuzzy converges to u; € U; and (ug) convex fuzzy
converges to us € Us. Put u = (uy, uz). Then w € U and (uy) is convex
fuzzy convergent to u € U since N(up —u)= N[(u1g, wor) —(ur, uz)]= N
(w1 — wr)+ (uor — u2)] = YU [(uir — w1)] + Ma[(ugr — ug)] By taking the
limit on both sides as k — oo, we have 9(u, —u) —0.

The proof of the converse is similar and hence is omitted. O

The following two corollaries follow easily.

Corollary 3.28. If (U, M), Uz, Na), ..., (U, Ni) are convex fuzzy
normed spaces, then (U, N) is convez fuzzy complete convez fuzzy normed
space if and only if Uy, W), Uz, Na), ..., Uk, Ni) are convex fuzzy com-
plete, where U=Uy X Uy X ... X Uy and N[(uy, ua, ..., ug)[=01My (u1) +62
mg(UQ) + ... + 5kmk(uk)f0r all (ul, U, ... ,uk) S U, where<51+52+. .. +5k:1

Corollary 3.29. Let (U, M) be a convex fuzzy normed space. Then U*,
M) is a conver fuzzy complete convex fuzzy normed space if and only if (U,
M) is convex fuzzy complete, where U* =U x U x ... x U [k-times], where
k€ N and Ny [(uy, ug, ..., ug)]=61 N (uy) + 02N(ug) + ... + &N (ur),
for all (uy, ua, ...,u) € U*, where §;+05+. .. +0,=1.

4 Conclusion

In this paper, we opened a new line of research in fuzzy functional analysis
by introducing a new fuzzy metric space, called a convex fuzzy metric space.
Moreover, we introduced the notion of convex fuzzy absolute value which is
a generalization of the ordinary absolute value.
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