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Abstract

In this study, the stein-Chen method is used to determine a new

uniform bound on Poisson approximation.

1 Introduction and main result

We start with the context of the Stein-Chen method for Poisson approxima-
tion that was first introduced in [1]. The method was inspired by the Stein’s
equation for the Poisson distribution with mean λ > 0 and, for given h, the
equation is of the form

h(x)− Pλ(h) = λg(x+ 1)− xg(x), (1.1)

where Pλ(h) = e−λ
∑∞

l=0 h(l)
λl

l!
and g and h are bounded real-valued function

defined on N ∪ {0}.

For A ⊆ N ∪ {0}, let hA : N ∪ {0} → R be defined by

hA(x) =

{

1 if x ∈ A,
0 if x /∈ A.
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Let x ∈ N∪{0} and Cx = {0, ..., x}. The solution gA of (1.1) can be expressed
as [2]:

gA(x) =

{

(x− 1)!λ−xeλ{Pλ(hA∩Cx−1
)− Pλ(hA)Pλ(hCx−1

)} if x ≥ 1
0 if x = 0.

Similarly, for A = Cx0
where x0 ∈ N ∪ {0}, gCx0

can be written as

gCx0
(x) =







(x− 1)!λ−weλ{Pλ(hCx−1
)Pλ(1− hCx0

)} if x ≤ x0

(x− 1)!λ−weλ{Pλ(hCx0
)Pλ(1− hCx−1

)} if x > x0

0 if x = 0,
(1.2)

and observe that gCx0
(x) > 0 for every x ∈ N.

For x0 ∈ N ∪ {0} and x ∈ N, let ∆gx0
(x) = gx0

(x + 1) − gx0
(x) and

∆gCx0
(x) = gCx0

(x + 1)− gCx0
(x). Barbour et al. [2] gave a uniform bound

for the suppremum of |gCx0
(x)|,

sup
x0≥0

|∆gCx0
(x)| ≤ λ−1(1− e−λ). (1.3)

In this paper, we focus our attention on determining a new uniform
bound, with respect to the result in (1.3), which can be stated as the following
theorem:

Theorem 1.1. For x0 ∈ N ∪ {0} and x ∈ N, we have the following:

sup
x0≥0

|∆gCx0
(x)| ≤











1

2
if 0 < λ < 1,

max

{

e−λ + λ− 1

λ2
,min

{

1− e−λ

λ
,
1

3

}}

if λ ≥ 1.

2 Proof of main result

The following lemmas are used to prove the main result:

Lemma 2.1. For x0, x ∈ N, we have the following:

1. ∆gCx0
(x) is increasing function for x > x0.

2. |∆gCx0
(x)| ≤ λ−1min

{

1− e−λ, λ
ϕ(x0)

}

,

where ϕ(x0) =

{

x0 + 2 if x0 ≤ λ,

x0 + 1 if x0 > λ.
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Proof. 1. We have to show that

∆gCx0
(x+ 1)−∆gCx0

(x) > 0

for x ∈ {x0 + 1, x0 + 2, ...}.

By [3], we have

∆gCx0
(x+ 1)−∆gCx0

(x)

= (x− 1)!λ−(x+2)Pλ(hCx0
)

×

{

x

[ ∞
∑

k=x+2

(x+ 1)
λk

k!
−

∞
∑

k=x+1

λk+1

k!

]

− λ

[ ∞
∑

k=x+1

x
λk

k!
−

∞
∑

k=x

λk+1

k!

]}

.

Since

x

{ ∞
∑

k=x+2

(x+ 1)
λk

k!
−

∞
∑

k=x+1

λk+1

k!

}

− λ

{ ∞
∑

k=x+1

x
λk

k!
−

∞
∑

k=x

λk+1

k!

}

=

∞
∑

k=x+2

x(x+ 1− k)
λk

k!
−

∞
∑

k=x+2

(x+ 1− k)k
λk

k!

=

∞
∑

k=x+2

(x− k)(x+ 1− k)
λk

k!

> 0,

we obtain ∆gCx0
(x+ 1)−∆gCx0

(x) > 0.

Therefore, ∆gCx0
(x) is increasing for x > x0.
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2. Consider the case x0 > λ.

By [4], it suffices to show the case of x0 ≤ λ; that is,

|∆gCx0
(x)| ≤ λ−1min

{

1− e−λ,
λ

x0 + 2

}

.

Since ∆gCx0
(x) is an increasing function for x > x0 and ∆gCx0

(x) < 0,

∣

∣∆gCx0
(x)

∣

∣ ≤ −∆gCx0
(x0 + 1)

= ∆g{x0+1}(x0 + 1)−∆gCx0+1
(x0 + 1)

=
1

λ
Pλ(1− hCx0+1

) +
1

x0 + 1
Pλ(hCx0

)

− x0!λ
−(x0+2)

[

e−λ

∞
∑

j=x0+2

λj

j!

][

x0
∑

k=0

(x0 + 1− k)
λk

k!

]

=
1

λ
Pλ(1− hCx0+1

) +
1

x0 + 1
Pλ(hCx0

)

− x0!e
−λ

[

1

(x0 + 2)!
+

λ

(x0 + 3)!
+ . . .

]

[

x0
∑

k=0

(x0 + 1− k)
λk

k!

]

≤

∞
∑

k=x0+2

e−λ λk−1

k(k − 1)!
+

1

x0 + 2
Pλ(hCx0

)

≤
1

x0 + 2

∞
∑

k=x0+1

e−λλ
k

k!
+

1

x0 + 2

x0
∑

k=0

e−λλ
k

k!

=
1

x0 + 2
.
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By [4], for x ≤ x0, we have
∣

∣∆gCx0
(x)

∣

∣

≤ ∆gCx0
(x0)

= ∆gCx0−1
(x0) + ∆g{x0}(x0)

= (x0 − 1)!λ−(x0+1)eλPλ(hCx0−1
)

[

x0

∞
∑

k=x0+1

e−λλk

k!
− λ

∞
∑

k=x0

e−λλk

k!

]

+
1

x0

x0−1
∑

k=0

e−λλk

k!
+

∞
∑

k=x0+1

e−λλk−1

k!

= (x0 − 1)!λ−(x0+1)Pλ(hCx0−1
)

[

∞
∑

k=x0+1

x0λ
k

k!
−

∞
∑

k=x0+1

kλk

k!

]

+
1

x0

x0−1
∑

k=0

e−λλk

k!
+

∞
∑

k=x0+1

e−λλk−1

k!

= −(x0 − 1)!Pλ(hCx0−1
)

[

∞
∑

k=x0+1

(k − x0)λ
k−(x0+1)

k!

]

+
1

x0

x0−1
∑

k=0

e−λλk

k!
+

∞
∑

k=x0+1

e−λλk−1

k!

=

[

−
1

x0(x0 + 1)
−

2λ

x0(x0 + 1)(x0 + 2)
− · · ·

]

Pλ(hCx0−1
)

+
1

x0

x0−1
∑

k=0

e−λλk

k!
+

∞
∑

k=x0+1

e−λλk−1

k!

≤

[

−
1

x0(x0 + 1)
−

2λ

x0(x0 + 1)(x0 + 2)

] x0−1
∑

k=0

e−λλk

k!

+
1

x0

x0−1
∑

k=0

e−λλk

k!
+

∞
∑

k=x0+1

e−λλk−1

k!

=

[

1

x0
−

1

x0(x0 + 1)

] x0−1
∑

k=0

e−λλk

k!

+
∞
∑

k=x0+1

e−λλk−1

k!
−

x0−1
∑

k=0

e−λλk

k!

[

2λ

x0(x0 + 1)(x0 + 2)

]

=
1

x0 + 1

x0−1
∑

k=0

e−λλk

k!
+

∞
∑

k=x0+1

e−λλk−1

k(k − 1)!
−

x0−1
∑

k=0

e−λλk

k!

[

2λ

x0(x0 + 1)(x0 + 2)

]
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=
1

x0 + 1

x0−1
∑

k=0

e−λλk

k!
+

∞
∑

k=x0

e−λλk

(k + 1)k!
−

x0−1
∑

k=0

e−λλk

k!

[

2λ

x0(x0 + 1)(x0 + 2)

]

≤
1

x0 + 1

x0
∑

k=0

e−λλk

k!
+

1

x0 + 2

∞
∑

k=x0+1

e−λλk

k!
−

x0−1
∑

k=0

e−λλk

k!

[

2λ

x0(x0 + 1)(x0 + 2)

]

=
1

x0 + 2
+

(

1

x0 + 1
−

1

x0 + 2

) x0
∑

k=0

e−λλk

k!
−

x0−1
∑

k=0

e−λλk

k!

[

2λ

x0(x0 + 1)(x0 + 2)

]

=
1

x0 + 2
+

1

(x0 + 1)(x0 + 2)

x0
∑

k=0

e−λλk

k!
−

x0−1
∑

k=0

e−λλk

k!

[

λ

x0(x0 + 1)(x0 + 2)

]

−

x0−1
∑

k=0

e−λλk

k!

[

λ

x0(x0 + 1)(x0 + 2)

]

≤
1

x0 + 2
+

1

(x0 + 1)(x0 + 2)

x0
∑

k=0

e−λλk

k!
−

1

(x0 + 1)(x0 + 2)

x0−1
∑

k=0

e−λλk

k!

−

x0−1
∑

k=0

(k + 1)e−λλk+1

(k + 1)k!

[

1

x0(x0 + 1)(x0 + 2)

]

=
1

x0 + 2
+

1

(x0 + 1)(x0 + 2)

x0
∑

k=0

e−λλk

k!
−

1

(x0 + 1)(x0 + 2)

x0
∑

k=0

ke−λλk

x0k!

−
1

(x0 + 1)(x0 + 2)

x0−1
∑

k=0

e−λλk

k!

=
1

x0 + 2
+

1

(x0 + 1)(x0 + 2)

[

x0
∑

k=0

(

1−
k

x0

)

e−λλk

k!

]

−
1

(x0 + 1)(x0 + 2)

x0−1
∑

k=0

e−λλk

k!

=
1

x0 + 2
+

1

(x0 + 1)(x0 + 2)

x0−1
∑

k=0

(

x0 − k

x0

− 1

)

e−λλk

k!

=
1

x0 + 2
+

1

(x0 + 1)(x0 + 2)

x0−1
∑

k=0

(

−k

x0

)

e−λλk

k!

=
1

x0 + 2
−

1

(x0 + 1)(x0 + 2)

x0−1
∑

k=0

(

k

x0

)

e−λλk

k!

≤
1

x0 + 2
.
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Hence, from the proof mentioned above, we have

|∆gCx0
(x)| ≤ λ−1min

{

1− e−λ, λ
x0+2

}

,

which gives the desired result. �

Proof of Theorem 1.1. For 0 < λ < 1 and x0 = 0, by [3] we have

|∆gCx0
(x)| ≤ λ−2(e−λ + λ − 1) ≤

1

2
. For x0 > 0, by [4] we also obtain

|∆gCx0
(x)| ≤ λ−1min

{

1− e−λ, λ
x0+1

}

≤
1

2
, which gives the first inequality.

For λ ≥ 1 and x0 = 0, we have |∆gCx0
(x)| ≤ λ−2(e−λ+λ−1). For x0 > 0, by

Lemma 2.1 (2), we have |∆gCx0
(x)| ≤ min

{

1− e−λ

λ
,
1

3

}

, which yields the

second inequality. Consequently, the theorem follows. �
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