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Abstract

In this study, the stein-Chen method is used to determine a new
uniform bound on Poisson approximation.

1 Introduction and main result

We start with the context of the Stein-Chen method for Poisson approxima-
tion that was first introduced in [1]. The method was inspired by the Stein’s
equation for the Poisson distribution with mean A\ > 0 and, for given h, the
equation is of the form

h(x) — Py(h) = Ag(x + 1) — xg(x), (1.1)

where Py(h) = e >, h(l))l‘—!l and g and h are bounded real-valued function
defined on NU {0}.

For A C NU{0}, let hy : NU{0} — R be defined by

1 if x €A,
hA(m)—{o it ¢ A
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Let z € NU{0} and C, = {0, ...,2}. The solution g4 of (1.1) can be expressed
as [2]:

galz) = { (()x— DIXFeMPr(hanc,_,) — Pa(ha)Palhe,_,)} i i i (1)

Similarly, for A = C,, where zy € NU {0}, gc,, can be written as

([L’ — 1)!)\_w6>‘{73)\(h0171)73)\(1 — hcwo)} if <z
9o, (x) = ¢ (z - 1)!)\_we’\{73,\(hcxo)PA(I —he, )} if x> (1.2)
0 if ©=0,

and observe that gc, () > 0 for every x € N.

For zp € NU {0} and = € N, let Ag, () = guo(z + 1) — gu(x) and
Age,,(z) = go,,(x + 1) — go,, (x). Barbour et al. [2] gave a uniform bound
for the suppremum of |ge, ()],

sup |Age,, (2)] <A1 - e™). (1.3)

x>0

In this paper, we focus our attention on determining a new uniform
bound, with respect to the result in (1.3), which can be stated as the following
theorem:

Theorem 1.1. For zqg € NU{0} and = € N, we have the following:

1

5 Zf 0< A<,
sup |Age, (z)] < Y _ A
2020 ’ max{et\#,min{%,%}} if N> 1.

2 Proof of main result

The following lemmas are used to prove the main result:
Lemma 2.1. For xy,x € N, we have the following:

1. Agc,, () is increasing function for x > xy.

2. |Age,, ()] < A~ min {1 Y L} ,

e(zo)
To+2 if xog <A,

wheregp(%):{ zo+1 if o> A
0 0 .
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Proof. 1. We have to show that
Age,,(x +1) = Age,, (z) >0
for x € {SL’Q + 1,20 + 2, }

By [3], we have
Age,,(z +1) = Age,, (v)
= (z = DINTIPy(he,,)

x{x[ 5 (x+1)2—’:— 3 A:l] —A[ _f: xz_';— O_O AZIH

k=xz+2 k=z+1 k=z+1 k=z
Since
o A o )\k—i—l © )\k > )\k—i—l

k=x+2 k=x+1 k=x+1 k=x
= > s(@+1-k)o7 - > (v 41— k)k

k=xz+2 k=x+2
= > (v = k)(x+1 = k)7

k=z+2
> 0,

we obtain Age, (z + 1) — Age,, (7) > 0.

Therefore, Age, () is increasing for z > .
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2. Consider the case xg > A.

By [4], it suffices to show the case of xg < A; that is,

A
1. _A
Age,, ()] < A mm{l—e ,%H}.

Since Agc,, () is an increasing function for z > zy and Age, (r) <0,

‘Agczo (a:)‘ < —Age,, (vo + 1)

= Ag{xo—l—l}(IO + ]-) - Ango+1 (‘TO + ]')
1

1
=3P = heygp) + o 1 Palhe,,)
(s o V8 AP
— !\~ (@0F2) [e A Z T [Z(SL’O +1— k)ﬁl
j=wo+2 k=0
1 1
=3P = heygp) + o 1 Palhe,,)
1 A 20 L
— xole ™ 1—Fk)—
roe l(:co—l—Q)! Tt } [;(x“ )k!]
= AF=1 1
< €_>\ -+ 'P)\(hcz )
k:m;M ]{Z(l{i— 1)' LL’0+2 0
1 LN I &~ L\
_LL’0+2 Z c F $0+2Ze F
k=x0+1
1
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By [4], for z < xy, we have
}Agczo (x)}
< Age,, (7o)
= Agc,, 1 (7o) + Agiaey (o)

)\ o) —)\)\k 0 —)\)\k
= (@0 = YAV Py (e, ) [0 Y =AY =
k=x0+1 k==
1 zo—1 e_)\)\k 0 e—)\)\k—l
70 o k!
k=0 k=zo+1
e S o kX
= (zo— 1A (0+1)PA(wa071) [ Z ko Z K
k=w0+1 k=zo+1
1 zo—1 e_)\)\k 0 e—)\)\k—l
+;OZ k! T Z k!
k=0 k=xz0+1

0o — 2 k—(zo+1)
oo 5, e

k=x0+1
1 zp—1 —A)\k 0 —A)\k—l

e
D Dl

k=x0+1

1 2\
= [ — - } Pr(hcy,-1)
13
x

(JIQ + 1) JIO(JJO + 1)(3)0 + 2)
€_>‘)\k > e~ A\F—1

ot i

0 k=0 k=zo+1

1 2 T ek
< _ — -
- { zo(zo +1)  wo(wo + 1)(10 + 2)} prt k!

1 zo—1 e_)\)\k 0 —)\)\k—l

=2 k!+zek!

A U— k=z0+1
B 1 1 ] e ANk
Zo l’o(l’o + 1) k!

—Wf L ek 2
+ Z -2 h {xo(x0+1)($0+2)]

k=x0+1 k=0

415

1R —Wf Z A = o 2)
I k(k—1)! k! (

wo(wo + 1) (20 + 2)
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1 CeTE L e T ek 2
To+1 £ k! — (k + 1)k! a k! {xo(xo+1)(xo+2)]
LogRe?N i e TN e l 2) }
T + 1 0 k! To + 2 P k! =0 k! l’o(l’o + 1)(1’0 + 2)
Lo (0 1 Z e ANE YL ek 2
o + 2 To+1 x0+2 — k! — k! [xo(xo + 1) (70 +2)
1 1 i P U g SO A
_l’_
To + 2 (l’o + 1)(3)0 + 2) =0 k! =0 k! |:JJO(JIO + 1)(1’0 + 2):|
e [ A }
om0 k! ZL’Q(I’() + 1)(1’0 + 2)
1 1 D0 oA\ 1 T e AN
+ .
zo+2  (zo+1)(x0+2) &= k! (o + 1) (20 +2) &= !
xi:l ]{7 4 1 —)\)\k-i-l 1 :|
k‘—l—l k! l’o(l’o+1)(l’0+2)
1 1 e AN 1 L ke AN
_l_ .
To+2  (wo+1)(xo+2) = K (o + 1)(w0 +2) &= xok!
1 U e ANk
(@ D(w+2) & K
1 1 = ANk
xo+2  (zo+1)(xo+2) — xg k!
1 Wl ek
(@t D(z0+2) = K
zo—1 o —A\k
To + 2 (l’o + 1)(3)0 + 2) e o k!
1 1 i O
; > (%)
To + 2 (l’o + 1)(3)0 + 2) =0 o k!
1 1 ey (ﬁ) e ANk
To + 2 (JIQ + 1)(1’0 + 2) =0 o k!
1

1’0—|—2
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Hence, from the proof mentioned above, we have

Age, (#)] < AT min {1 -, 21

' 2o+2
which gives the desired result. 0J
Proof of Theorem 1.1. For 0 < A < 1 and 2y, = 0, by [3] we have
1
|Age,, (z)] < A2 +A-1) < 3" For zy > 0, by [4] we also obtain

1
|Age,, (z)] < A~ min {1 — e, F’ll} < —, which gives the first inequality.

— 2 )
For A > 1 and o = 0, we have |Age, (2)| < A7%(e7*+X—1). For 25 > 0, by
1—e 1
Lemma 2.1 (2), we have [Agg, (7)] < min )\6 '3[ which yields the
second inequality. Consequently, the theorem follows. O
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