International Journal of Mathematics and ( M)
Computer Science, 19(2024), no. 2, 467-474 G5

Distributive Lattices of Soft Ideals in Menger
Algebras

Panuwat Luangchaisri, Thawhat Changphas

Department of Mathematics
Faculty of Science
Khon Kaen University
Khon Kaen 40002, Thailand

email: panulu@kku.ac.th, thacha@kku.ac.th

(Received October 1, 2023, November 6, 2023,
Published November 10, 2023)

Abstract

We introduce soft v-ideals, soft s-ideals and soft ws-ideals over a
Menger algebra of rank n. Moreover, we investigate several properties
of each of the types of soft ideals. Furthermore, we prove that the
collection of all soft vs-ideals forms a distributive lattice.

1 Introduction

The problem of uncertainty or vagueness has been tackled for several years
by philosophers, logicians, mathematicians and computer scientists. Many
practical problems in engineering, economics, social science, environmental
science, and medical science etc., cannot be resolved by classical methods
due to these methods’ inherent difficulties, such as the inadequacy of the
theories of parameterization tools. The most successful approach to tackle
this problem is through fuzzy set theory. A pair (U, m) is called a fuzzy set
where U is a non-empty set and m : U — [0, 1]. Zadeh [10] introduced fuzzy
set theory and described the control problems of complex systems using fuzzy
systems.
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Let U be an universal set and let E be a set of parameters. Suppose A is a
subset of E. A pair (F, A) is said to be a soft set over U if F': A — P(U) is
a mapping from A into the power set of U. Molodtsov [8] introduced the new
concept of soft set as a completely generic mathematical tool for modeling
uncertainties. As there is no limited condition to the description of objects,
researchers can choose the form of parameters they need, which greatly sim-
plifies the decision-making process and makes the process more efficient in the
absence of partial information. Since the soft sets came into existence, some
mathematicians started imposing and studying algebraic structures on soft
sets. Because any soft set involves two component sets, namely, a universal
set and a parameter set, interestingly, some researchers algebrized universal
sets and others algebrized parameter sets, see [8]. Soft algebraic structures
such as soft rings, soft semirings, soft semigroups, soft ternary semigroups,
and soft algebras, have been widely studied, see [1, 2, 3, 4, 6, 7], and [9].
In this paper, we introduce soft v-ideals, soft s-ideals and soft vs-ideals over
a Menger algebra of rank n. Several properties of each of the types of soft
ideals are investigated, and it is proved that the collection of all soft vs-ideals
forms a distributive lattice.

In [5], a non-empty set M together with an (n + 1)-ary operation S™ :
M™1 — M satisfying the identity

StM (g, 8" M(yy 2 zn) e ST M (s 21, 20)
~ Sn,M(Sn7M($ayl> cee ayn)a Bly ey Zn)

is called a Menger algebra of rank n. For example, let A be a non-empty set.
The set of all n-ary operations f : A" — A on A will be written as O™(A).
Define the composition S™4 : (O"(A))"*1 — O"(A) by

SmA(f?glu---7gn)(a17---7an> = f(gl(alu---van)v"'vgn(alv---7an))

for all f,g1,...,9, € O*(A),a1,...,a, € A. A pair (O"(A), S™4) forms a
Menger algebra of rank n. Consider the set Rt of all positive real numbers
and the operation o : (RT)""! — R* defined by

o(xg, 1y, Tp) = To\/T1 - - - Tpy.

Then (R, o) forms a Menger algebra of rank n. Observe that a Menger algebra
of rank 1 is a semigroup. Therefore, ideals in Menger algebras generalize the
notion of ideals in semigroups. Let (M, S™M) be a Menger algebra of rank
n. A non-empty subset A of M is called a Menger subalgebra of M if for any
YL, Yn € A SPM(2iyr, . y,) € Ao A non-empty subset H of M is
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called an v-ideal (of M) if, for all x,y1,...,y, € M. If y1,...,y, € H, then
S™M(z y1, ..., y,) € H. A non-empty subset H of M is called an s-ideal (of
M) if, for all y, z1,...,2, € M. Ify € H, then S"M(y, z,...,2,) € H. If H
is both an v-ideal and an s-ideal of M, then H is called an vs-ideal of M. Let
(M, S7™) be a Menger algebra of rank n. A mapping ¢ : M — M’ is said
to be a homomorphism if for any z,y1,...,yn € M, o(S"M(z,y1,...,yn)) =

SPM (), o(y1)s - - ().

2 Main results

Let U be an universal set and let E be a set of parameters. A pair (F, E)
is called a soft set (over U) if F': E — P(U) is a mapping from F into the
power set P(U) of the set U. Generally, let us consider a soft set as a pair
(FyA) with AC Fand FF: A — P(U). Let (U, E) be a soft set defined by
U:E — P(U) such that U(e) = U for all e € E.

For example, a soft set (F, A) describes the attractiveness of the houses
which Mr. X is going to buy. Let U be the set of houses under consideration.
Let £ = {expensive, beautiful, wooden, cheap, in the green surroundings,
modern, being well repaired, being bad repaired} be the set of parameters;
each parameter is a word or a sentence. Defining a soft set means pointing
out expensive houses, beautiful houses, and so on. It is worth noting that the
sets F'(a) may be arbitrary. Some of them may have non-empty intersection

8].

Definition 2.1. Let (F, A) and (G, B) be soft sets over U. Then, (F,A) is
a soft subset of (G, B) written as (F, A)C(G, B), if A C B and F(a) C G(a)
foralla € A.

Definition 2.2. Let (F, A) and (G, B) be soft sets over U. Then (F, A) and
(G, B) are said to be equal written as (F,A) = (G, B) if (F, A)C(G, B) and

(G,B)C(F,A).

Hereafter, let (M, S™M) be a Menger algebra of rank n. For any subsets
A, By,...,B, of M, define

S M(A, By, ..., B,) ={5"M(a,b;...,b,) |a € A by € By,...,b, € B,}.
Definition 2.3. Let (F;, A;),1 < i < n+ 1 be soft sets over M. The re-

stricted product (H, C) of (F;, A;) written by (H,C) = (Fy, A1)o...o(F,, A,)
if C =NA; and H(x) = S™™M(Fy(x),..., Fy(x)) forallz € C.
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Definition 2.4. A soft set (F,A) over M is called a soft Menger algebra
(over M) if (F, A)o...o(F, A)C(F, A).

Observe that a soft set (F, A) over M is a soft Menger algebra over M
if and only if for any a € A, F(a) # () implies F(a) is a Menger subalgebra
of M. Indeed, we set (H,C) = (F,A)o...o(F,A). Then, C = A and
H(a) = S™™(F(a),...,F(a)) for any a € A. Assume (F, A) is a soft Menger
algebra over M, then, (H,C)C(F, A). Thus, S™™(F(a)...F(a)) C F(a) for
any a € A. Therefore, for any a € A, F(a) # () implies F(a) is a Menger
subalgebra of M. Conversely, suppose for any a € A, F(a) # () implies
F(a) is a Menger subalgebra of M. We have to show that (H,C)C(F, A).
Let a € A. Clearly, if F(a) = (), then H(a) C F(a). If F(a) # 0, then
H(a) = S™M(F(a),...,F(a)) C F(a). Therefore, (H,C)C(F, A), and (F, A)
is a soft Menger algebra over M.

Definition 2.5. A soft set (F, A) over M is called a soft v-ideal (over M)
if (M, E)o(F,A)o...5(F, A)C(F,A).

Proposition 2.6. A soft set (F, A) over M is a soft v-ideal over M if and
only if, for any a € A, F(a) # 0 implies F(a) is an v-ideal of M.

Proof. Assume (F, A) is a soft v-ideal over M; then, (M, E)o(F, A)o...o(F, A)
C(F, A). Let a € Asuch that F(a) # (). By assumption, S (M, F(a), ..., F(a))
C F(a). Therefore, F(a) is an v-ideal of M. Conversely, assume, for
any a € A, F(a) # 0 implies F(a) is an v-ideal of M. Setting (H,C) =
(M, E)o(F, A)S...5(F, A); we have to show that (H,C)C(F, A). Obviously,

C CA Letae A If F(a) = 0, then H(a) C F(a). If F(a) # 0, then

by assumption, H(a) = S™™(M, F(a),...,F(a)) C F(a). Hence, (F, A) is a
soft v-ideal over M. O

Definition 2.7. A soft set (I, A) over M is called a soft s-ideal (over M)
if (F,A)o(M,E)o...(M,E)C(F,A).

Proposition 2.8. A soft set (F, A) over M is a soft s-ideal if and only if,
for any a € A, F(a) # 0 implies F(a) is an s-ideal of M.

Proof. Assume (F, A) is a soft s-ideal over M; then (F, A)o(M, E)o...o(M, E)
C(F, A). Let a € Asuch that F(a) # (). By assumption, S (F(a), M, ..., M)
C F(a). Therefore, F(a) is an s-ideal of M. Conversely, assume for any
a € A, F(a) # 0 implies F(a) is an s-ideal of M. Setting (H,C) =
(F,AY5(M,E)3...5(M, E); we have to show that (H,C)C(F, A). Clearly,
C=A Leta€e A If F(a) =0, then H(a) C F(a). If F(a) # ), then by
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assumption H(a) = S™M(F(a),M,...,M) C F(a). Hence, (F,A) is a soft
s-ideal over M. O

Definition 2.9. A soft set (F, A) over M s called a soft vs-ideal (over M)
if (F, A) is both a soft v-ideal and a soft s-ideal over M.

Proposition 2.10. A soft set (F, A) over M is a soft vs-ideal if and only
if, for any a € A, F(a) # 0 implies F(a) is an vs-ideal of M.
Proof. From Proposition 2.6 and Proposition 2.8, the assertion follows. [

For example, consider a Menger algebra (M, S%) of rank 1 such that
M ={1,a,b,c,d} and
SLM

QUL O T -

Q Q@ 2 Q|
QLT
SR Q O|l0
S Q QX

QL O >

a

Define F : M — P(M) by F(z) ={y € M | Ju € M,y = S*"M(z,u)}.
Here, M is considered as a set of parameters. We have F(a) = {a}, F(b) =
{a,b}, F(c) = {a,b,c}, F(d) = {a,b,d}. Since F(x) is a Menger subalgebra
of M for all x € M, (F, M) is a soft Menger algebra over M. Observe that
(F, M) is a soft s-ideal over M.

Definition 2.11. Let (F, A) and (G, B) be soft sets over U.

(1) The basic intersection of (F, A) and (G, B) is defined to be the soft set
(H,C) = (F,A) N (G, B) where C = Ax B and H(z,y) = F(x)NG(y)
for all (z,y) € C.

(2) The intersection of (F,A) and (G,B) is defined to be the soft set
(H,C) = (F,A) N (G, B) where C = AN B and H(z) = F(x) N G(z)
forall x € C.

(3) The basic union of (F,A) and (G, B) is defined to be the soft set
(H,C) = (F,A)V (G, B) where C = Ax B and H(z,y) = F(x) UG(y)
for all (z,y) € C.

(4) The union of (F,A) and (G, B) is defined to be the soft set (H,C) =
(F,A)U (G, B) where C = AU B and
F(z) Jif v € A\ B;

H(:B){G(:c) Jif v € B\ A;
F(x)UG(z) ,ifz e AnB.
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Proposition 2.12. Let (F, A) and (G, B) be soft Menger algebras over M
such that AN B # 0. Then (F, A)N (G, B) is a soft Menger algebra over M.

Proof. Setting (H,C) = (F,A) N (G, B); then C = AN B and H(x) =
F(z) N G(x) for all z € C. Thus, for x € C, F(z) N G(x) # () implies
F(z) N G(x) is a Menger subalgebra of M. Therefore, (F,A) N (G, B) is a
soft Menger algebra over M. O

Similarly, we have the following:

Proposition 2.13. Let (F, A) and (G, B) be soft Menger algebras over M
such that ANB = 0. Then (F,A)U (G, B) is a soft Menger algebra over M.

Proposition 2.14. Let (F, A) and (G, B) be soft Menger algebras over M.
Then (F, A) A (G, B) is a soft Menger algebra over M.

Proposition 2.15. Let (F, A) and (G, B) be soft vs-ideals over M such that
ANB#0. Then (F,A)N (G, B) is a soft vs-ideal over M contained in both
(F,A) and (G, B).

Proof. Setting (H,C) = (F,A) N (G, B); then C = AN B and H(x) =
F(z)NG(z) for all z € C. Let z € C. From F(x) and G(x) are vs-ideals of
M for all z € C, it follows that, for all z € C, F(z)NG(z) = 0 or F(x)NG(x)
is an vs-ideal of M. Hence (F, A)N (G, B) is a soft vs-ideal over M. We have
CCA CCB,H(z)C F(x) forall z € C and H(z) C G(z) for all x € C.
Hence, (H,C)C(F, A) and (H,C)C(G, B). O

Similarly we have the following:

Proposition 2.16. Let (F, A) and (G, B) be soft vs-ideals over M such that
ANB #0). Then, (F,A)U (G, B) is a soft vs-ideal over M containing both
(F,A) and (G, B).

Proposition 2.17. If (F,A) and (G, B) are soft vs-ideals over M, then
(F,A) A (G, B) is a soft vs-ideal over M.

Proposition 2.18. If (F,A) and (G, B) are soft vs-ideals over M, then
(F,A)V (G, B) is a soft vs-ideal over M.

Definition 2.19. Let (F,A) and (G, B) be soft Menger algebras over M
such that (F, AYC(G, B). Then (F, A) is called a Menger subalgebra (resp.,
soft v-ideal, soft s-ideal, soft vs-ideal) of (G, B) if for all a € A, F(a) is a
Menger subalgebra (resp., an v-ideal, an s-ideal, an vs-ideal) of G(a).
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Let (M, S7™) be a Menger algebra of rank n. Let ¢ : M — M be a
homomorphism. For a soft set (F, A) over M, define a soft set (¢(F'), A) over
My where p(F): A — P(M,) such that p(F)(a) = p(F(a)) for all a € A.

Theorem 2.20. If (F, A) and (G, B) are soft Menger algebras over M such
that (G, B) is a soft Menger subalgebra of (F, A), then (p(F'), A) and (¢(G), B)
are soft Menger algebras over My and (¢(G), B) is a soft Menger subalgebra

of (p(F), A).

Proof. Since ¢ is a homomorphism, ¢(F'(a)) is a Menger subalgebra of M,
for all a € A. So, (¢(F),A) is a soft Menger algebra over M;. Similarly,
(p(G), B) is a soft Menger algebra over M;. Let b € B. Since G(b) is
a Menger subalgebra of F'(b), ¢(G(b)) is a Menger subalgebra of ¢(F'(D)).
Therefore, (¢(G), B) is a soft Menger subalgebra of (¢(F), A). O

Similarly, we have the following:

Theorem 2.21. If (F, A) and (G, B) are soft Menger algebras over M such
that (G, B) is a soft vs-ideal of (F,A), then (p(G), B) is a soft vs-ideal of
(p(F), A).

Let the parameter set A be fixed. We denote the collection of all the soft
vs-ideals with parameter set A by SI(M)4. Then,

Theorem 2.22. SI(M) forms a distributive lattice.

Proof. From Propositions 2.15 and Proposition 2.16, it follows that SI(M)a
forms a lattice. We have to show that the lattice is distributive. Let (F, A),
(G,A), (H,A) € SI(M) 4. Setting

(K, A)N(H,A) = ((F,A)U(G,A)N(H A
where (K, A) = (F,A)U (G, A) and, for all a € A, K(a) = F(a) UG(a).

Setting
(M,A)=(K,A)N(H,A)

where, for all a € A,
M(a) = K(a)NH(a) = (F(a)UG(a))NH(a) = (F(a)NH(a))U(G(a)NH (a)).

Setting
(N,A)=(F,A)N(H,A)
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where, for all a € A, N(a) = F(a) N H(a).
Setting
(P, A) = (G,A)N(H,A)
where, for all a € A, P(a) = G(a) N H(a). We have M(a) = N(a)U P(a) for
all a € A. Therefore,

(F,A)U(G,A)N(H,A) = ((F,A)N(H,A)U(G,A)N(H,A)).
Hence SI(M), forms a distributive lattice. O
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