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Abstract

The beta (type 1) and inverted beta distributions are of vital importance in
science, engineering and economics. In this article, we introduce a matrix variate
generalization of the inverted beta distribution. By using linear and quadratic
transformations, we obtain several matrix variate distributions including matrix
variate generalized beta type 1 distribution.

1 Introduction

A random variable X is said to have a beta type 2 or inverted beta distribution with
shape parameters o > 0,5 > 0 and scale parameter o > 0, denoted as X ~ B2(a, §;0)
if its probability density function (pdf) is given by

zo-1 (1 + O.—lx>—(oc+5)
o*B(a, 3) ’

x>0, (1)

and B(a, ) is the usual beta function. The inverted beta or beta type 2 distribution
is the most familiar statistical distribution in finance, economics and related areas. The
growing applications of beta type 2 distribution have necessitated the need for more
variations of this distribution. Several generalizations of this distribution are available
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in the literature. Following Nadarajah and Kotz [14], we define a generalization of the
beta type 2 distribution by the pdf

K(a, B, p,v,0,0) " (1 + 07 la) @ (14 97 ) W) >0, (2)

where a > 0,8 > 0,u > 0,v > 0,0 > 0, ¢ > 0 and K(«,f,p,v,0,¢) denotes the
normalizing constant. For o = ¢, the density in (2) reduces to a beta type 2 density.
Like the beta type 2 pdf, this pdf is unimodal and has more parameters than the usual
beta type 2 distribution. Several properties of this distribution have been studied by
Nadarajah and Kotz [14].

In this article, we give a matrix variate generalization of (2) and study its properties.
Gupta and Nagar [6] gave a matrix variate generalization of (1). Several other matrix
variate generalizations of beta distribution were given by Gupta and Nagar [6, 7, 8, 9, 10,
Nagar and Gupta [15], Nagar, Arashi and Nadarajah [16], Nagar, Rolddn-Correa and
Gupta [18], and Nagar, Roldan-Correa and Nadarajah [19].

This paper is divided into four sections. In Section 2, we deal with some well known
definitions and results on matrix algebra, zonal polynomials, invariant polynomials and
special functions of matrix argument. In Section 3, we give the definition of the matrix
variate generalized beta type 2 distribution and we devote Section 4 to the matrix variate
generalized beta type 1 distribution.

2 Some Known Definitions and Results

We begin with a brief review of some definitions and notations. We adhere to the standard
notations (cf. Gupta and Nagar [6], Muirhead [13]). Let A = (a;;) be an m x m matrix.
Then, A’ denotes the transpose of A; tr(A) = aj; + -+ + amm; etr(A) = exp(tr(A));
det(A) = determinant of A; norm of A = || A|| = maximum of absolute values of eigen-
values of A; the identity matrix is denoted by I,,; the null matrix is denoted by O;
A > O means that A is symmetric positive definite (SPD); A'/2 denotes the unique
SPD square root of A and O < A < I,, means that the matrices A and I,,, — A are
SPD.

The multivariate gamma function which frequently occurs in multivariate statistical
analysis is defined by Iy, (a) = a4 [T T (a — 51) | Re(a) > (m—1)/2. We denote
by C,(X) the zonal polynomial of m x m complex symmetric matrix X corresponding
to the ordered partition k = (k1,...,kp), k1 > - > kp, >0, k1 +---+ky,, =kand ),
denotes the summation over all partitions x. The generalized hypergeometric coefficient
(a), is defined by (a), =], (a — %)kl’ where (a), = ala+1)---(a+r—1),r=1,2,...
with (a)g = 1. Moreover, we define I',,(a, k) as I',,(a, k) = (a).I'n(a). Also, note that
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[n(a,0) =T, (a). Series expansions for 1 Fy(a; X) and o F(a, b; ¢; X) are given by

\Fy(a; X) ZZ = det(I,, — X)), || X < 1

k=0 rkFk

and

2 Fi(a, b c; ZZ X) X <

k=0 rFk
The integral representation of the Gauss hypergeometric function o F} is given by

dR,

(3)
where Re(a) > (m —1)/2 and Re(c — a) > (m — 1)/2. The Pfaff transformation formula
for o F(a, b; c; X)) is given by

L,.(c) /Im det(R)a—(m-i-l)/? det(I,, — R)C—a—(m+1)/2

Fia,bie; X) =
Pl b X) = = det(I,, — XR)"

2B (a,b;¢; X)) = det(L,, — X) o Fi(c —a,byc; — X (I, — X)), (4)

For properties and further results on these functions, we refer the reader to the works of
Herz [11], Constantine [2], James [12], and Gupta and Nagar [6].

We denote by Cg”\(X ,Y) the invariant polynomial of m x m complex symmetric
matrix arguments X and Y which is invariant under the transformation (X,Y) —
(HXH'S HYH'), H € O(m), where O(m) is the orthogonal group of m x m or-
thonormal matrices. For properties and applications of invariant polynomials, we re-
fer the reader to the works of Davis [3, 4], Chikuse [1], Diaz-Garcia [5], Nagar and
Gupta [15], and Nagar and Nadarajah [17]. Let x, A and ¢ be ordered partitions of the

non-negative integers k, ¢, and f = k+/, respectlvely into not more than m parts. Then
CEO(X,Y) = Cu(X), CONX.Y) = Co(Y), Cp (X, X) = 05°Co(X),

Co (L, Iy) Cy(In)Cn (X)) Cy(Ln)Cr(X)
KA ¢ msySm Ky _ rAYoldm )Yk KA _ kAo Em )N
Co(X)CA(Y) = Y 05°CoNX,Y),
PER-A

where ¢ € k - \ signifies that irreducible representation of GIl(m, R) (group of m x m
real non-singular matrices) indexed by 2¢, occurs in the decomposition of the Kronecker
product 2k ® 2\ of the irreducible representations indexed by 2k and 2\ (Davis [3]).
Further, for symmetric matrices A and B of order m,

I’!?L
/ det(R)"~t"Y/2 et (1, — R)"~""V/2CSN (AR, BR)dR
o
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_ Ly (t, @)l (u) oo
- qu+4%¢)c@ (A, B), (5)

I,
Acmmwwwwm%—mwwwwymmm%—mmR
_ Tl B)i(u, A)

Lot +u, ¢)

C;(A.B). (6)
The matrix variate beta and Gauss hypergeometric distributions are given as follows
(Gupta and Nagar [6, 10]).

Definition 2.1. An m x m random SPD matriz U is said to have a matrix variate beta
type 1 distribution with parameters (c, 3,€2), denoted as U ~ Bl(m,«, B; ), if its pdf
s given by
L (a4 B) det(U)2~(m+D/2 det(Q — U )B~(m+1/2
det(2)°+AL,, (a)1(5)

where a > (m —1)/2, B> (m —1)/2 and 2 > O.

, 0 < U <,

For Q = I,,, the above definition produces the standard beta type 1 distribution
denoted by U ~ Bl(m, a, 3). Further, Q~'2UQ~2 ~ Bl(m, o, §).

Definition 2.2. An m xm random SPD matriz V is said to have a matriz variate beta
type 2 or a matriz variate inverted beta distribution with parameters (o, 5,€2), denoted
as 'V ~ B2(m, «, 5; ), if its pdf is given by

[ (o + B) det(V)o=(m+1)/2 det (0 + V) ~(@+h)
det(Q) AT, ()T (B)

where o« > (m —1)/2, 8> (m —1)/2 and 2 > O.

, V>0,

When Q = I,,,, the above definition yields the standard beta type 2 distribution; that
is, V ~ B2(m, a, B). Further, if V' ~ B2(m, a, 5; Q), then Q= 2V Q=12 ~ B2(m, o, 3).

Definition 2.3. An m x m random SPD matriz X is said to have a matriz vari-
ate Gauss hypergeometric distribution with parameters («,3,v,2), denoted by X ~
GH(m, «, 5,v; ), if its pdf is given by

Lo+ B) det(X )~ (m+D/2 det (I, — X )P~ (m+1)/2

,O< X <1,
Lo (@)U (B)2F1(a, v 0+ 85 —E) det(I,, + EX )"

where « > (m —1)/2, B> (m—1)/2, —c0 <y < o0 and I, + E > O.
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Here, we note that if v =0 or E = O, then X ~ Bl(m, «a, ).

Lemma 2.4. Fora; > (m—1)/2,b; >(m—1)/2,i=1,2, B> O and C > O,

/ det( )a1+a2 (m+1)/2 det( + B~ 1X) (a1+b1) det( +C- 1X) (a2+b2) 4 x°
X>0

Fm(a1 + CLQ)Fm(bl + bg)
Fm(al + a9 + bl + bg)
X 2F1(b1 + bg, a9 + bg; aq + a9 + bl + bg; Im - B_1/2CB_1/2). (7)

= det(B)® b2 det(C)2 T2

Proof. Substituting W = (I,,, + B"'/2X B~/2)~! with the Jacobian J(X — W) =
det(B)™+1)/2 det(W)~("*1 in the above integral, one gets

/ det(X)*+e2= (D2 et (T, + B7 X)) det(I, + C~' X)) dX
X>0

I’UL
= det(B)“l_b2 det(C)a2+b2 / det(W)b1+b2—(m+1)/2 det(Im _ W)a1+a2—(m+1)/2
o

det(I,, — (I, — B~/2CB %)W) (et qw.
Now, the desired result is obtained by using (3). ]

For a convergent series expansion of o Fy, we require ||I,, — B™Y2CB~Y?|| < 1. If
|I,,—B~'2CB~'/?|| < 1isnot met, then one can substitute W = (I,,+C~/2XC~/?)~!
with the Jacobian J(X — W) = det(C)™ /2 det(W)~(+1) in the integral in (7) to
get

/ det(X)™ ="/ deg (I, + B™' X))~ det(I, + C7' X) "+ dX
X>0

Fm(a1 + CLQ)Fm(bl + bg)
Fm(al + a9 + bl + bg)
X oFy(by + by, ay + by ay 4 ag + by + by I, — C™V2BC™1?), (8)

= det(C)™=27" det(B)® T

with the condition ||I,, — C~/2BC~1/2|| < 1. Note that (8) can also be obtained from
(7) by using the Pfaff transformation given in (4).

3 Matrix variate generalized inverted beta distribution

The matrix variate generalization of (2) is given in the following definition.
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Definition 3.1. The SPD random matriz X of order m is said to have a matrixz variate
generalized inverted beta distribution, denoted by X ~ GB2(m, «, B, u, v; X, ®), if its pdf
15 given by

det (X)a+u—(m+l)/2

K . P
(Oé, ﬁa Wy Vs 24, )det(Im + E—1X>a+ﬁ det<Im + (I)—IX),LH-V’

X > 0,

where « > (m—1)/2,6>(m—1)/2,u>(m—-1)/2,v>(m—-1)/2,2> 0, ® > O and
K(a, B, p,v, 5, ®) is the normalizing constant.

By using (7) and (8), the normalizing constant is evaluated as

~ det (X )otn=(m+1)/2
K >, ®) = dX
Kl B, 3, @) /X>O det (I, + S1X)*%F det(L,, + B 1X )i+

L+ )l (B +v)
X 2F1(ﬁ +v,u+v,a+ 5 +u+ V;Im _ 2—1/2(1,2—1/2)7

— det (X)) det (@)

where ||I,,, — X712®X712|| < 1 and for ||I,, — ®"/22®~1/2|| < 1 the normalizing
constant is given by

arplmla+ ) (8 +v)
X 2F1(ﬁ +rv,a+B;a+ B8+ pu+uv I, — @—1/22,1)—1/2)‘

[K(a, B, pt, v, 3, ®)] " = det(®)"* 7 det (D)

For 3 = & = (2, the matrix variate generalized inverted beta distribution slides to a
matrix variate inverted beta distribution. That is, if X ~ GB2(m,«, 5, u, v; X, ®) and
X =® =Q, then X ~ B2(m,a + p, 5+ v; ). Several properties of this distribution
are given in the remainder of this section.

Theorem 3.2. If X ~ GB2(m, «, B, p, v; 5, ®), then Xt ~ GB2(m, B, a, v, pu; X1, ®71).

Proof. Transformaing W = X ! with the Jacobian J(X — W) = det(W)~(™+1) in the
pdf of X, we get the result. O

Theorem 3.3. If X ~ GB2(m, «, 5, u, v; 3, @), then
AVZX A2 ~ GB2(m, a, B, 1, v; AYVPE AV AYV2R AV,

Proof. Making the transformation W = A'/2X A'/? with the Jacobian J(X — W) =
det(A)~(m+D/2 in the pdf of X, we get the result. O
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Corollary 3.4. If X ~ GB2(m,«a, 8, u,v; 5, ®), then

TPXETY? ~ GB2(m, a, B, p, v Iy, BTVPRE ),
Corollary 3.5. If X ~ GB2(m,a, 8, u,v; 5, ®), then

& V2XD 1?2 ~ GB2(m, , B, p,v; @V2E®V2 L),

The h-th moment of det(X) is derived as

t( X a+pt+h—(m+1)/2
Eldet(X)"] = K(a, B, 1, , 5, @) / det(X) ax

x>0 det(l,, + T-1X)etB det (L, + ®~1X )rtv
o K(Q7B7M7V727(I))
B K(a+h75_h7,u7y727(1)).

Now, substituting appropriately in the above expression, we get

pIm(a+p+h)In(8+v—nh)
Lo+ @)l (B +v)
Fi(B+v—hptviatB+ptu I, —X12@x"12)
2P (B+v,ptviat Bt ptv L, - ET129%-12)

Eldet(X)"] = det(X%)

for ||I,, — X712®X"12|| < 1 and for ||I,, — ®~1/22®" 12| < 1,

WD+ + 0 (B8 + v —h)
e+ )T (8 + v)

LB v—hatBatftptvid, -7 PE)
L Brv,atBiatBrutvid, — o 12Rd17)

E[det(X)"] = det(®)

4 Matrix variate generalized beta distribution

It is well known that (Gupta and Nagar [6]) if V' ~ B2(m,«, 3), then (I, + V)™' ~
Bl(m, 8,a) and (I, + V)™'V ~ Bl(m, a, 3). In this section, we derive a similar result
for the matrix variate generalized inverted beta distribution.

Theorem 4.1. If Z = (I, + AY?X A'Y?)~1_ then the pdf of Z is given by

K(a, B, p, v, 3, ®) det(®)* det(X)*+ det(A)°+
det(Z)BHv=(mt1)/2 det (T, — Z)otr—(m+1)/2
X det(Im — (Im — A1/22A1/2)Z)a+6 det(Im _ (Im _ A1/2®A1/2)Z)“‘+V

,O< Z<1,,.
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Proof. From Theorem 3.3, the density of W = A/2X A'/? is given by

det(w)a+u—(m+1)/2
det(I,, + =7 W)atB det(I,,, + &7 W )utv’

K(O‘757U7V721a‘1)1) W>O7

where X; = AY/23XAY2 and ®, = AY/2® A2, Now, transforming Z = (I,,,+W)~! with
the Jacobian J(W — Z) = det(Z)~™"! in the above pdf, the pdf of Z is obtained. [
Corollary 4.2. Z ~ GH(m, +v, a+pu, a+B+ut+v, —(I,—AY2QAY?)) if® = ¥ = Q.

Corollary 4.3. If Z, = (I, + 72X X7Y2)~ then Z, ~ GH(m, B+ v, + p,a + B,
—(I,, — @722 ®~1/2)). Moreover, if ® =X, then Z, ~ Bl(m, S +v,a + p).

Corollary 4.4. If Z, = (I, + @72 X&) then Zy ~ GH(m, B+ v,a + p, ju + v,
—(I,, - X712®X7Y2)) and if ® = X, then Zy ~ Bl(m, B+ v,a+ p).

Corollary 4.5. If Z = (I, + X ), then the pdf of Z is given by

det(z)6+u—(m+l)/2 det(Im _ Z)a+u—(m+1)/2

K > ®)det(®)* T det (X)) .
(a757/117y7 ) ) e( ) e( ) det(Im—(Im—E)Z)OH_Bdet(Im_(Im_(I))Z);H_V

Moreover, if ® =X =, then Z ~ GH(m, 5+ v,a+ p,a+ 5+ p+ v, —(I,, — Q)).
Corollary 4.6. If R = (I, + X)) '2X (I, + X)~'/?, then the pdf of R is given by

det(R)Hr=(m+1)/2 qet(I,,, — R)FHv—(m+1)/2
det(Im - (Im - 2—1)R)a+5 det(Im — (Im - ¢_1)R)M+V ’

Ko, B, p,v, 3, ®) O<R<I,

and if ® =X =Q, then R~ GH(m,a+ u, B+ v,a+ B+ pu+v,—(I,, — Q7).
Using the density of R given above
Eldet(R)"] = K(a, B, p, v, 2, @)

In o det(R)e+H#Hh=(m+0/2 det(I,, — R)Fv—(m+D)/2
/0 det(Im - (Im - 2_1)R)O‘+B det(Im — (Im — <I)—1)R)u+u

dR. (9)

To evaluate this integral, we consider four different cases; namely, (i) ||I,, — 27| < 1,
| L, —®7 | < 1, (i) [ L,—27Y > 1, [|[ L=t < 1, (iii) | L,—27Y <1, | L,—®7 Y > 1,
and (iv) | I, — 7Y > 1, || I,, — ®7!|| > 1. Expanding the denominator of the integrand
in (9) for (i), (i), (iii) and (iv), by using results on zonal and invariant polynomials given
in Section 2, one gets

det(L, — (In — =) R) ™" det (L, — (I, — @) R)~ "+
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=23 3% (o4 At oy 32 0O (U = 2R (L = @) R), (10)

det(I,, — (I, —2_1)R)_(°‘+B)det(I — (I, — ® HR) Wt

= det(= a+ﬁzzzz OHFﬁk'll'HrV)A

k=0 =0 &~
X Z 05 C5MN (I — B) (I, — R), (I, - @) R), (11)

PER-A

det(I,,, — (I, —2—1)R)—<a+ﬁ>det(1 — (I, — ® HR) )

= det(® MJWZZZZ a+ﬁk‘llll+V)A

k=0 =0 ~
x Y 0 CN (L, — 3R, (I, — ®)(I, — R)), (12)
PER-A

det(I,, — (I, — ¥)R)"“*P det(I,, — (I, — ®~")R)" )

(e Y33y D

k=0 =0 &~ A
x Y 0 CN (I — 2) (I, — R), (I, — ®)(I,, — R)). (13)

PEK-A

Now, substituting appropriately from (10), (11), (12) and (13) into (9) and integrating
out R by using (5) and (6), we get

Eldet(R)"] = K(« 6’“’”2‘1’2222 a+5kll/'~t+v»

k=0 =0 &
Fm(a+u+h,¢) m(ﬁ_l_y) Ky YK, A
9 C’ - 11, —®
X¢§A In(a+B8+p+v+h o) (L D

Eldet(R)"] = K(a, B, 1, v, 5, @) det(E aﬂfzzzz O‘Jrﬁk'l"“FV)A

k=0 =0 &

m(@+pu+h, KD (B4+1,A) jex e
«9 C - I,— o
Xg; m(@+ B+ p+v+h o) (I ),
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Eldet(R)"] = K (o, B, t, v, S, ®) det(® WZZZZ “+5k,l’f+””

k=0 =0 &

« Z a_l_u_‘_h/{:) (5_‘_1/}‘)9/@)\05)\( E I @)

) m(@+B+p+v+h o)

E[det(R)h] _ K(a, 3, 1, 3, ‘I)) det(z)a—i-ﬁ det(q))u-i-u Z Z Z Z (OK + 5]);(17 + I/))\

k=0 1=0 &

a_l_u_‘_h) (5+V7¢) Ky YK,
0,°C (I, — 2, 1, — ®).
Xg; m(a+B+p+v+heo) ¢ ° ( )
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