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Abstract

A fractional Finite-Difference Time-Domain (FDTD) method for
solving conformable Maxwell–Schrodinger equations is adapted from
the classical FDTD method and fractional discretization. Maxwell-
Schrodinger equations model the interaction between external elec-
tromagnetic fields and quantum particles in inhomogeneous materials
and the population inversion can be computed from their numerical
solution. Here, parameter adjustments are shown via numerical ex-
periments which are divided into two cases. In the first case, the
fractional order parameter is set to one. Adjusting the time-step pa-
rameter to less than one increases the frequency of the population
inversion, whereas adjusting the step-size parameter to less than one
decreases the frequency of the population inversion. In the second
case, the fractional order parameter is set to less than one. Increasing
the frequency of the population inversion significantly, alongside a loss
of smoothness and amplitude.
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1 Introduction

Electromagnetic (EM) theory is a branch of physics that studies the EM force
carried by electric and magnetic fields. EM theory can be described by the
set of equations proposed by Maxwell in 1864 [1, 2]. Subsequently, Maxwell’s
equations evolved from the classical model to a fractional model, based on
fractional calculus, and associated with non-integer order derivatives and in-
tegrals [3, 4, 5]. The fractional Maxwell equations were developed from the
Caputo derivative and applied to media demonstrating fractional nonlocal
properties [6]. Later, the Maxwell equations were developed into the general
conformable Maxwell equations based on the general conformable fractional
derivative (GCFD) [7, 8] for inhomogeneous media or materials with local
properties [8].
In this paper, we use the Chen et al. model [9] and the general conformable
Maxwell equations to develop the conformable Maxwell-Schrodinger equa-
tions. Our model describes the quantum particle transition between differ-
ent energies as particles absorb and emit electromagnetic waves in inhomo-
geneous materials. The solution to this system is essential to the physics of
electromagnetic sources [10, 11] and cavity quantum electrodynamics [12, 13].

Since the conformable Schrodinger-Maxwell equations are derived from
Maxwell’s equations and Schrodinger by the Hamilton equation, it is dif-
ficult to find the analytical solution. Instead, a solution can be obtained
by the Finite-Difference Time-Domain (FDTD) method, which is a popular
computational approach [14]. In 1966, Yee [15] proposed the FDTD method
showing that derivatives with respect to space and time can be approximated
by finite-difference methodology. The FDTD method is effective and simple
to apply to a variety of problems. A fractional discretization technique has
recently been proposed by Atangana [16]. This concept can be used to ap-
proximate differential operators with integer and non-integer orders. Here,
we combine the classical FDTD method with fractional discretization to cre-
ate a fractional FDTD method.

In Section 2, we present the details of Hamilton’s equations for EM and
quantum systems that lead to the conformable Schrodinger-Maxwell equa-
tions. The multi-scale issue is caused by the distinct wavelength mismatch
between the EM wave and the particle wave, so it can be mitigated using
the reduced eigenmode expansion technique. In Section 3, the conformable
Schrodinger-Maxwell equations are discretized using our fractional FDTD
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method. In Section 4, the population inversion is obtained from the numer-
ical solution and the parameters are adjusted for comparison of the classical
model with the conformable derivative model.

2 Problem Formulation

2.1 The General Conformable Maxwell Equations

We begin with the curl of the general conformable Maxwell’s equations [8]

Curlα,ϕD(r, t) = −ǫ0
∂B(r, t)

∂t
, (2.1)

Curlα,ϕH(r, t) =
∂D(r, t)

∂t
+ J(r, t), (2.2)

where D denotes electric flux density, B, and H denote magnetic flux
density and magnetic fields, respectively, ǫ0 is the permittivity of free space,
and J is the current density of external sources. ϕ(r, α) is the fractional
conformable function and α ∈ (0, 1]. Let ϕ(r, α) = ϕ(x, α). The general
conformable Maxwell’s equations can be defined by

ϕ(x, α)CurlD(r, t) = −ǫ0
∂B(r, t)

∂t
, (2.3)

ϕ(x, α)CurlH(r, t) =
∂D(r, t)

∂t
+ J(r, t). (2.4)

2.2 The Schrodinger Equation under an EM Wave

The Schrodinger equation in an EM wave is given as

{

1

2m
[p̂− qA(r, t)]2 + qφ(r, t) + V (r)

}

ψ(r, t) = i~
∂ψ(r, t)

∂t
, (2.5)

where m is the mass of the particle, V (r) is the electrostatic potential
energy, ~ is the reduced Planck’s constant, q is the electric charge of the
particle, A(r, t), and φ(r, t) are the magnetic and electric potentials, respec-
tively, associated with the EM field, and p̂ is the momentum operator defined
by

p̂ = −i~∇. (2.6)
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The fields themselves are given by

B = ∇×A. (2.7)

For the Coulomb gauge, the electric potential φ = 0 and the magnetic
potential A satisfies the transversality condition ∇ · A = 0 [17]. Thus,
Eq.(2.5) becomes

{

1

2m
[p̂− qA(r, t)]2 + V (r)

}

ψ(r, t) = i~
∂ψ(r, t)

∂t
. (2.8)

2.3 The Hamilton Equations of the EM and QM Parts

We defined an auxiliary variable Y,

Y = −D. (2.9)

Following that, the total Hamiltonian of the conformable Maxwell–Schrodinger
system can be expressed as

H(A,Y, ψ, ψ∗) = Hem(A,Y) +Hq(ψ, ψ∗,A), (2.10)

where

Hem(A,Y) =

∫

Ω

(

ϕ(x, α)

2ǫ0
|Y|2 + ϕ(x, α)

2µ0

|∇ ×A|2
)

dr, (2.11)

Hq(ψ, ψ∗,A) =

∫

Ω

(

ψ∗
(p̂− qA)2

2m
ψ + ψ∗V ψ

)

dr. (2.12)

In Eq.(2.10), Hem consists of the electric and magnetic energy stored in
the EM field, and Hq consists of the kinetic and potential energy of the
quantum system. The Hamilton equations for the EM and QM parts are as
follows

∂A

∂t
=
∂H

∂Y
=
ϕ(x, α)

ǫ0
Y, (2.13)

∂Y

∂t
= −∂H

∂A
= −ϕ(x, α)

µ0

(∇×∇×A) + J, (2.14)

∂ψ

∂t
=

1

i~

∂H

∂ψ∗

=
1

i~

[

(p̂− qA)2

2m
+ V

]

ψ, (2.15)
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∂ψ∗

∂t
= − 1

i~

∂H

∂ψ
= − 1

i~

[

(p̂− qA)2

2m
+ V

]

ψ∗, (2.16)

where J can be expressed as

J =
q

2m
[ψ∗ (p̂− qA)ψ + ψ (−p̂− qA)ψ∗] . (2.17)

Eqs.(2.13)-(2.16) are known as the conformable Maxwell-Schrodinger equa-
tions. Using the vector calculus identity

∇×∇×A = ∇(∇ ·A)−∇2A, (2.18)

and the Coulomb gauge condition, Eq.(2.14) gives the following expression

∂Y

∂t
=
ϕ(x, α)

µ0

(

∇2A
)

+ J, (2.19)

where µ0 is the permeability of a vacuum.

2.4 The Reduced Eigenmode Expansion Technique

The fractional FDTD method has an efficiency problem caused by the wave-
length of the EM wave being larger than that of the particle wave, resulting
in a wavelength mismatch. This issue can be mitigated by using the reduced
eigenmode expansion technique. The time-dependent wave function can be
expressed as follows

ψ(r, t) = a(t)exp (−iωgt)ϕg(r) + b(t)exp (−iωet)ϕe(r), (2.20)

where a(t) and b(t) are the unknown expansion coefficients. The terms
exp (−iωgt) and exp (−iωet) describe the time evolution of the eigenstates
ϕg(r) and ϕe(r), respectively. ωg, and ωe are the angular frequencies of the
oscillator, which are respectively for the ground and excited states. The
squared magnitudes represent the probabilities of occupying the correspond-
ing quantum states, which satisfy the probability conserving relationship
shown below

|a(t)|2 + |b(t)|2 = 1. (2.21)

By applying the Galerkin test, we have
〈

ϕg

∣

∣

∣

∣

∣

∂ψ

∂t

〉

=

〈

ϕg

∣

∣

∣

∣

∣

1

i~

∂H

∂ψ∗

〉

, (2.22)
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〈

ϕe

∣

∣

∣

∣

∣

∂ψ

∂t

〉

=

〈

ϕe

∣

∣

∣

∣

∣

1

i~

∂H

∂ψ∗

〉

, (2.23)

where the inner product is defined as

〈ϕi(r)|ϕj(r)〉 =
∫

Ω

drϕ∗

i (r) · ϕj(r). (2.24)

According to the orthonormality of the eigenmodes,

〈ϕi(r)|ϕj(r)〉 =
{

1, i = j

0, i 6= j
, (2.25)

and the selection rule governing the parity of eigenmodes,

〈ϕi(r)|p̂|ϕi(r)〉 = 0. (2.26)

We can get the following two ordinary differential equations

i~
da(t)

dt
= −qA

m
〈ϕg|p̂|ϕe〉 b(t)e−iω0t +

q2A2

2m
a(t), (2.27)

i~
db(t)

dt
= −qA

m
〈ϕe|p̂|ϕg〉 a(t)eiω0t +

q2A2

2m
b(t), (2.28)

where ω0 = ωe − ωg denotes the transition frequency.
Finally, Eqs.(2.13),(2.19),(2.27), and (2.28) constitute a complete system that
can be solved by using the fractional FDTD method. Once the expansion
coefficients in Eq.(2.20) are numerically obtained, the population inversion
can be defined as

W (t) = |b(t)|2 − |a(t)|2 . (2.29)

3 Fractional Discretization

The fractional FDTD method that we describe here is adapted from the
classical FDTD model and fractional discretization [16]. We focus A and Y
in the y-direction denoted by Ay and Yy, respectively. Ay and Yy are placed
at the midpoints of edges oriented in the y-direction. Thus, Ay and Yy are
on the half-grid in y. We discrete Eqs.(2.13),(2.19),(2.27), and (2.28) and
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rearrange yields the following results

Yy|
n+ γ

2

i,j+ 1

2
,k
= Yy|

n− γ

2

i,j+ 1

2
,k
+

(γ∆t)ϕ(xi, α)

(β∆x)2µ0

[

Ay|ni+β,j+ 1

2
,k
− 2Ay|ni,j+ 1

2
,k
+ Ay|ni−β,j+ 1

2
,k

]

+
(γ∆t)ϕ(xi, α)

(β∆z)2µ0

[

Ay|ni,j+ 1

2
,k+β

− 2Ay|ni,j+ 1

2
,k
+ Ay|ni,j+ 1

2
,k−β

]

+Jy|ni,j+ 1

2
,k

(3.30)

Ay|n+γ

i,j+ 1

2
,k
= Ay|ni,j+ 1

2
,k
+

(γ∆t)ϕ(xi, α)

ǫ0
Yy|n+γ

i,j+ 1

2
,k
, (3.31)

a|n+γ = −q(γ∆t)
i~m

Ay|n 〈ϕg|p̂|ϕe〉 b|ne−iω0tn +

[

q2(γ∆t)

2i~m
A2

y|n + 1

]

a|n, (3.32)

b|n+γ = −q(γ∆t)
i~m

Ay|n 〈ϕe|p̂|ϕg〉 a|neiω0tn +

[

q2(γ∆t)

2i~m
A2

y|n + 1

]

b|n. (3.33)

where 0 < β, γ ≤ 1. Ay and Yy are defined on the same collocated grids.
The values 〈ϕg|p̂|ϕe〉 , 〈ϕe|p̂|ϕg〉 are defined by

〈ϕg|p̂|ϕe〉 = −i
√

~mω

2
, (3.34)

〈ϕe|p̂|ϕg〉 = i

√

~mω

2
. (3.35)

The initial values of the expansion coefficients a, and b, the vector poten-
tial Ay and the auxiliary variable Yy need to be predefined.

4 Numerical Experiments

Several results are presented in this section to shift in numerical solutions
when the parameters α, β, and γ are changed. If the dimension of a nanocav-
ity is set to Lx = Ly = Lz = 40 nm with a spatial grid of 1 nm, then the
following initial condition is created [9]

Yy|t=0 = −ǫ0A0sin

(

π

Lx

x

)

sin

(

π

Lz

z

)

cos(ωt)|t=0, (4.36)

where

ω = c

√

(

π

Lx

)2

+

(

π

Lz

)2

. (4.37)
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c is the speed of light. Here we set A0 = 1010 V/m and used a time
increment, 6.75× 10−19 s. Ay vanishes at the boundary of a closed resonant
cavity, thus guaranteeing a unique solution. As the particle resides at the
center of this cavity and is initially prepared in a superposition state with
a = 1/

√
2 and b = i/

√
2, the resonant working frequency of the cavity ω is

equal to the transition frequency of the particle ω0.

4.1 The Population InversionW (t) from The Conformable

Maxwell–Schrodinger Equations by Setting α = 1

Here, we set α = 1. The population inversionW (t) obtained by setting β = 1
and γ = 1 is shown in Figure 1. The particle oscillates periodically between
its ground and excited states. When the particle is illuminated by EM waves
in the cavity, it cyclically absorbs photons and re-emits them.

Figure 1: The population inversion W (t) by setting α = 1, β = 1, and γ = 1

Figure 2 shows the population inversion W (t) by setting β = 1 and γ =
0.8. We can see that when γ is less than 1, the frequency of W (t) is slightly
increased when compared withW (t) in Figure 1. The same effect is observed
in Figures 3 and 4 by setting β = 1 and adjusting γ to 0.625 and 0.4,
respectively.
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Figure 2: The population inversion W (t) by setting α = 1, β = 1, and
γ = 0.8

Figure 3: The population inversion W (t) by setting α = 1, β = 1, and
γ = 0.625
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Figure 4: The population inversion W (t) by setting α = 1, β = 1, and
γ = 0.4

Figure 5 shows W (t) when β = 0.8 and γ = 1. When β is less than 1,
the frequency of W (t) is significantly reduced when compared with W (t) in
Figure 1. The same effect is observed in Figures 6 and 7 by setting γ = 1
and adjusting β to 0.625 and 0.4, respectively. Note that adjusting γ results
in fewer population inversion changes than adjusting β.

Figure 5: The population inversion W (t) by setting α = 1, β = 0.8, and
γ = 1
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Figure 6: The population inversion W (t) by setting α = 1, β = 0.625, and
γ = 1

Figure 7: The population inversion W (t) by setting α = 1, β = 0.4, and
γ = 1

4.2 The Population InversionW (t) from The Conformable

Maxwell–Schrodinger Equations by Adjusting α

We defined the fractional conformable function ϕ(x, α) as the Khalil’s def-
inition, which is ϕ(x, α) = x1−α [18], and we set both β and γ to 1 then
adjusted α. The resulting W (t) from setting α = 0.999, β = 1, and γ = 1
is shown in Figure 8. We can see that when α is less than 1, the smooth-
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ness of W (t) decreases, and the frequency of the population inversion W (t)
increases, suggesting that the time required to complete the waveform is re-
duced. Furthermore, the peak of the oscillation is reduced. These results are
significantly different when compared with the case, described in Figure 1,
of setting α = 1. The same effect can be seen in Figures 9 and 10 by setting
γ = 1, β = 1, and adjusting α from 0.995 to 0.990.

Figure 8: The population inversion W (t) by setting α = 0.999, β = 1, and
γ = 1

Figure 9: The population inversion W (t) by setting α = 0.995, β = 1, and
γ = 1
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Figure 10: The population inversion W (t) by setting α = 0.990, β = 1, and
γ = 1

Figures 11 and 12 show W (t) when α = 0.999, β = 1 and γ varies. The
changes in W (t) are difficult to see, and we will conclude that adjusting the
γ shift has no significant effect on the population inversion. A similar effect
can be seen in Figures 13 and 14 by setting α = 0.995, β = 1, and adjusting
γ.

Figure 11: The population inversion W (t) by setting α = 0.999, β = 1, and
γ = 0.8
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Figure 12: The population inversion W (t) by setting α = 0.999, β = 1, and
γ = 0.625

Figure 13: The population inversion W (t) by setting α = 0.995, β = 1, and
γ = 0.8
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Figure 14: The population inversion W (t) by setting α = 0.995, β = 1, and
γ = 0.625

Figures 15 and 16 show W (t) by setting α = 0.999, γ = 1, and adjusting
β. When β is less than 1, the amplitude of W (t) are lower. The same effect
can be seen in Figures 17 and 18 by setting α = 0.995, γ = 1, and adjusting β.
Importantly, adjusting γ results in fewer changes to the population inversion
than adjusting β.

Figure 15: The population inversion W (t) by setting α = 0.999, β = 0.8,
and γ = 1



786 K. Thotakul, A. Luadsong

Figure 16: The population inversion W (t) by setting α = 0.999, β = 0.625,
and γ = 1

Figure 17: The population inversion W (t) by setting α = 0.995, β = 0.8,
and γ = 1
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Figure 18: The population inversion W (t) by setting α = 0.995, β = 0.625,
and γ = 1

5 Conclusion

Here, we have presented a fractional FDTD method to solve the conformable
Maxwell-Schrodinger equations. We found the numerical solution and ob-
tained it in the population inversion, which was divided into two cases.

In the first case, when we set α = 1, the conformable Maxwell-Schrodinger
equations turned into the classical model. The population inversion looked
wavelike, oscillating between its ground state and its excited state. When ad-
justing γ to less than 1, the frequency of the population inversion increased,
which resulted in β becoming less than 1. Furthermore, when γ was ad-
justed, the population inversion changed very little in comparison with β
adjustments. This was because the time-step was small in comparison to the
size-step.

In the second case, we adjusted α to less than 1. This caused the fre-
quency of the population inversion to increase, but there was a noticeable
loss of smoothness and oscillation. Adjusting γ had little effect when com-
pared with changing β, similarly to the first case. When adjusting β to less
than 1, the oscillations of the population inversion were lower.
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