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Abstract

In this paper, we introduce and investigate a class of bi-univalent
functions associated with Gegenbauer Polynomials. For functions in
this class, we derive the estimations for the initial Taylor-Maclaurin
coefficients |ag| and |ag|. Moreover, we obtain the classical Fekete-
Szegd inequality of functions belonging to this class.

1 Introduction

Let A be the family of all analytic functions f that are defined on the open
unit disk D = {z € C: |z| < 1} and normalized by the conditions f(0) = 0
and f’(0) = 1. Any function f € A has the following Taylor-Maclarin series
expansion:

f(z)=z+ Zanz", where z € D. (1.1)
n=2

Let S denote the class of all functions f € A that are univalent in ). Let
the functions f and g be analytic in D. We say the function f is subordinate
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by the function g in I, denoted by f(z) < g(z) for all z € D, if there exists
a Schwarz function w, with w(0) = 0 and |w(z)| < 1 for all z € D, such that
f(z) = g(w(z)) for all z € D. In particular, if the function g is univalent over
D, then f(z) < g(z) equivalent to f(0) = g(0) and f(D) C ¢g(D). For more
information about the Subordination Principle, we refer the readers to the
monographs [7], [15], [16].

It is well-known that univalent functions are injective (one-to-one) func-
tions. Hence, they are invertible and the inverse functions may not be defined
on the entire unit disk ID. In fact, the Koebe one-quarter Theorem states
that the image of D under any function f € S contains the disk D(0,1/4) of
center 0 and radius 1/4. Accordingly, every function f € S has an inverse
f~! = ¢ which is defined as

9(f(z)) =2 ~2€D

flgw)) =w, |w| <r(f); r(f) =1/4.

Moreover, the inverse function is given by
g(w) = w — ayw? + (2a5 — a3)w® — (5a5 — bagas + ay)w* +- - (1.2)

For this reason, we define the class > as follows:

A function f € A is said to be bi-univalent if both f and f~! are univalent
in . Therefore, let X denote the class of all bi-univalent functions in A
which are given by equation (1.1). For more information about univalent
and bi-univalent functions we refer the readers to the articles [13], [14] and
the monograph [6], [8] and the references therein.

The subject of the geometric function theory in complex analysis has
been investigated by many researchers in recent years. The typical problem
in this field is studying a functional made up of combinations of the ini-
tial coefficients of the functions f € A. For a function in the class S, it is
well-known that |a,| is bounded by n. Moreover, the coefficient bounds give
information about the geometric properties of those functions. For instance,
the bound for the second coefficients of the class S gives the growth and dis-
tortion bounds for the class. In addition, the Fekete-Szegt functional arises
naturally in the investigation of univalency of analytic functions. In the year
1933, Fekete and Szego [11] found the maximum value of |az — A\a|, as a
function of the real parameter 0 < A < 1 for a univalent function f. Since
then, the problem of dealing with the Fekete-Szego functional for f € A
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with any complex A is known as the classical Fekete-Szegd problem. Many
researchers have investigated the Fekete-Szego functional and the other co-
efficient estimates problems; for example, see the articles [1], [2], [4], [5], [9],
[10], [11], [13], [14], [18] and the references therein.

2 Preliminaries

In this section, we present some information that are crucial for the main
results of this paper. For any real numbers p,t € R, with g > 0 and —1 <
t <1, and z € D the generating function of Gegenbauer polynomials is given
by

H,(2,t) = (2* — 2tz + 1)7".

Moreover, for any fixed ¢, the function H,(z,t) is analytic on the unit
disk D and its Taylor-Maclaurin series is given by

H,(z,t) =Y _ Ch(t)2".

In addition, Gegenbauer polynomials can be defined in terms of the fol-
lowing recurrence relation:
_ 2+ p—1)C () = (n+2p—2)C 4 (F)
= - ’

CH(t) (2.3)

with initial values
Ch(t) =1, CI't)=2ut, and CY(t) = 2u(p+ 1)t* — p. (2.4)

It is well-known that the Gegenbauer polynomials and their special cases such
as Legendre polynomials L, (t) and the Chebyshev polynomials of the second
kind T,,(t) are orthogonal polynomials, where the values of y are p = 1/2
and 11 = 1 respectively. More precisely, L,(t) = Cv/*(t) and T,(t) = CL(¢)
and T,,(t) = C,(t). For more information about the Gegenbauer polynomials
and their special cases, we refer the readers to the articles [3], [9], [12], [14],
[17], [18], the monograph [6], [8] and the references therein.

Definition 2.1. A function f(z) given by (1.1) is said to be in the class
Bs(p,t) if it satisfies the following subordination conditions, associated with
the Gegenbauer Polynomials, for all z, w € D:
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FD ) e e

(1 + wg”(w>) (wgl(w)_l < H,(w,1), (2.6)

g'(w) g(w)
where > 0, t € [—1,1] and g(w) is defined by equation (1.2).

and

The following lemma is a well-known fact and it is crucial for this paper’s
results.

Lemma 2.2. [10] Letk, l € R and p, g € C. If |p| <1 and |q| <,

20klr, if [kl > [
|[(k+Dp+ (k= 1)g| < {2ll|r, i 1k < |l
In this paper, we investigate a subclass of bi-univalent functions X in the
open unit disk D, which we denote by By (1, t). For functions in this subclass,
we obtain the estimates for the initial Taylor-Maclarin coefficients |as| and
laz|. Furthermore, we examine the corresponding Fekete-Szego functional
problem for functions in this class.

3 Coefficient estimates of the class By/(u, 1)

In this section, we provide bounds for the initial Taylor-Maclaurin coefficients
for functions belonging to the class By (i, t) which are given by equation (1.1).

Theorem 3.1. Let the function f(z) given by (1.1) be in the class Bs(u,t).
Then

20/ 2pt|*/?
|as| < V2l : (3.7)
VI + )2 —1]
and . "
81212 + plt
jag] < 5 (3.8)

Proof. Let f be in the class Bx(u,t). Then, using (2.5) and (2.6), we can
find two analytic functions p and ¢ on the unit disk ID such that
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() (5
< o ) <“’ /(“’) < H,(t, q(w)), (3.10)

where p(z) = > 7 p,2" and g(w) = Zn L gow™ for all z,w € D. Also, for
all z,w € D, |p(z)| < 1 and |g(2)| < 1. Moreover, it is well-known that [6]
forall j € N, |p;| <1 and |¢g;| <1.

Now, upon comparing the corresponding coefficients in both sides of (3.9)
and (3.10), we obtain the following:

2l ) H, (t,p(2)), (3.9)

and

az = CY (t)p1, (3.11)
Aaz — a3) = CY(t)p2 + Cy (t)pi, (3.12)
—Qy = Cf(t)ql, (313)
and
—4(az — a3) = CY ()2 + C4 (t)ai (3.14)

Using equations (3.11) and (3.13), we get

Pr= —qu, (3.15)

and
2a3 = [CY (O] (p] + ai) (3.16)
Moreover, adding equations (3.12) and (3.14), we get

0= (p2+ @)CY(t) + (1} + a@7)CE (1) (3.17)

Substituting the value of (p?+¢?) from equation (3.17) in the right hand-side
of equation (3.16), we get

R GRS
2 2CY% (1)

(3.18)

By taking C!'(t) = 2ut and C(t) = 2u(p + 1)t* — p in equation (3.18), it
further yields
&2 = 45t (ps + Q2).
2 (p+1)t2—1
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Using the facts |po| <1 and |g2| < 1, we get the desired estimate of as.
Now, we look for the bound of |az|. Subtracting equation (3.14) from equation
(3.12) and using equation (3.15), we get

Cl(t
as = 18( ) (P2 — q2) + a5. (3.19)
Using equation (3.16), we obtain
[CF @) Cr(t)

(p} +a}) +

as = (p2 - Q2) .

2 8

Hence, using equation (2.4) and the facts |p;| <1 and |g;| <1 for all j € N,
we get the desired estimate of a3. This completes the proof. O

The following corollary is a consequence of Theorem 3.1 when taking p = 1.
These initial coefficient estimates are related to Chebyshev polynomials of
the second kind.

Corollary 3.2. Let the function f(z) given by (1.1) be in the class Bs(u,t).

Then
2v/2|t[*/2
las| < é, (3.20)
V[2t2 — 1]
and o2
t t
las| < 2* i} (3.21)

4  Fekete-Szego functional of the class By(u, )

In this section, we consider the classical Fekete-Szego functional of functions
belonging to the class Bys(u, t).

Theorem 4.1. Let the function f given by (1.1) be in the class Bs(u,t).
Then, for some A € R,

Bl . |(ut+1D)t2—1]
5 if |)\ - 1| < S

|a3 — )\CL%| S { 82 242 ¢\ —¢ . _,1_?#;2_1 (422)
|(Z+1lt2—1||’ if |A=1]= ‘(MIG;)LtQ |>

Proof. For some real number \, using equation (3.19) we have

CH(t
as — \aj = %(}h —q2) + (1 — N)a3.
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In view of equation (3.18), we obtain

CY(t)p2—q2) , (A=1)(p2+ @) [CT O]

az — Aay = 3 2C% (1)
xS o (02 1))

Therefore, using Lemma 2.2 and the initial values (2.4), we get the desired

inequality (4.22), which completes the proof. O

The following corollary is just a consequence of Theorem 4.1. Taking

=1, we get the Fekete-Szego inequality that is related to Chebyshev poly-
nomials of the second kind.

Corollary 4.2. Let the function f given by (1.1) be in the class Bs(u,t).
Then for some A € R,

u if |A—1] <281
az — )\a§| < {82152|t)\—t| if A—1]> |219t_21\ (4.23)

[22—1] > 162 °
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