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Abstract

In this work, we present a novel topology related to directed graphs
which is called the non-adjacency compatible vertices topology (NCV-
topology) of a directed graph Gy. A sub-basis family of this topology
is generated on the set of vertices and formed by taking the non-
adjacency vertices which arise (path of length two) in the same di-
rection to each vertex. We investigate some properties on important
and certain types of directed graphs. Our goal is to provide foun-
dational methods for examining certain aspects of directed graphs
through the topology of their corresponding non-adjacency-compatible
vertices. The presence of the isolated vertex is not necessary in our
definition. We obtain some results on this new topology with cer-
tain types of di-graphs (which types of di-graphs achieve the discrete
non-adjacency compatible vertices topology and which do not and con-
sequently achieve 77 and Th-spaces).
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1 Introduction

Numerous applications have utilized the relationship between topology and
graphs to generate many new types of topology generated by graphs. This
shows the importance of topological graph theory which is part of graph
theory which has a great role and illustrious history in mathematics [1].
On the basis of vertices or edges, some topological models are developed or
based. In the directed and undirected graphs, Amiri et al. [2] began utilizing
a graphic topology for each locally finite graph without an isolated vertex. In
2018, Abdu and Kilicman [3] defined the compatible edges topology induced
by a sub-basis family on the edge set of directed graphs as a collection of
sets of adjacent edges with each edge and construct a path of length two. In
2020, Hassan and Abed |4] introduced a new definition of the phrase "Family
of Sub-basis" formed Independent Topology of any un-digraph (which could
comprise one or more isolated vertices) via vertices that are not adjacent
to the vertex J. In 2022, Hassan and Zainy [5] presented the independent
compatible edges topology and outlined it as the topology linked to the set
R of edges via a non-adjacent edges which leads to a path of length three.
In the same year, Ali and Hassan [6| defined an Independent Incompatible
Edges topology based on di-graphs with some applications. In 2023, Hassan
and Jaafar [7] introduced the non-incidence topology.

In Section 2, we give the main definitions of topologies and graphs. In
Section 3, we define the non-adjacency compatible vertices topology (NCV-
topology) associated with a digraph and give some examples. In Section 4,
we conclude our paper.

2 Preliminaries

In this section, we cover some basic definitions and provide a brief introduc-
tion to graph theory and topologyu. These ideas are all commonly used and
can be found in books like [1]. Usually the di-graph is a pair Gy = (V,R),
where ¢ is the set of vertices and R is the set of directed edges. An edge of
the form 3 = (u, u) is a loop. Parallel edges are those with the identical end
vertices. If a graph contains no parallel edges or loop, then it is considered
simple. If the vertices J and U are connected by an edge, then they are
adjacent. We use the symbols K, for the complete graph with n vertices,
the symbol C), for the cycle graph on n vertices, the symbol P, for the path
on n vertices, and the symbol K, ,2 for the whole bipartite graph of size
partite n; and ny. A topology T is a family of subsets that are open to the
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non-empty set [ if the following conditions hold:

i) FopeT,

ii)forevery HM €T, HNM €T,

iii) Ujea H; € T for every sub-combination H; of T.

In this case, (F,T') is called a topological space. An indiscrete topology is
defined as T'= {0,F} on F while a discrete topology is defined as T' = P(F)
on F.

3 The Non-Adjacency Compatible Vertices Topo-
logical Space

In this section, we give the definition of a non-adjacency compatible vertices
topological space (NCV-topological space) associated with a di-graph and
provide some examples on a basic di-graph.

Definition 3.1. Let Gy = (U,R) be any directed graph. The non-adjacency
compatible vertices topology (NCV-topology) is a topology that relates to the
set ¥ of vertices for Gy, and brought on by sub-basis Sycv whose components
are the sets W C ¢, |W/| < 2. If 3 € W and the vertex w is non-adjacent
with verter J such that J and w connected by path of length two in the same
direction, then w € W.

The set of vertices with Tycy initiate the topological space (9, Tycy)
which called non-adjacency compatible vertices topological space (NCV- topo-
logical space).

Example 3.2. Consider the di-graph Gy = (9,R) in Figure 1 below, such
that 9(Gp) = {J1,32,33,34, I5}, R(Gy) = {51, 52, 33, 54, 35}
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Figure 1: Simple directed graph

From the graph above, Tncy has a sub-basis Snov = {35, 33,33, 31,32, A4}
Then by using finite intersection, the following base Bycv is produced {{3Js5,3},
{33, 1}, {32, 4}, 33, 6} Then, utilizing unions, we generate a topology Tycy
as follows:

TNCV = {¢7 797 {:‘57]3} ) {33731} ) {:‘27:‘4} ) {33} ) {327347]3 } ) {:‘17]37]5} )
{32a34733731} 5 {32334733735} }

The items in the next remark follow directly from Definition 3.1.

Remark 3.3.

1. The topology Tycv on a di-graph C,, such that n = 4 is not a discrete
topology, but when n > 4 s a discrete topology.

2. For every directed path P, it is conceived that Tycy is not a discrete
topology.

3. For Every directed tree, Tnoy is not a discrete topology because the tree
has pendant vertices which do not represent singleton sets.

4. The topology Tncv of a complete bipartite di-graph K1 n2 is a discrete
topology if n1 > 3 and ny > 3.
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5. The topology Tnov on complete di-graph K, is a discrete topology (when
all edges are in the same direction)

Proof:

To clarify (3) in Remark 3.3 above, we consider an example of a directed
tree because the tree has pendant vertices which do not represent singleton
sets, as in the example below:

Example 3.4. Consider the di-graph Go = (9,R) which a directed tree, in
Fig. 2 shown such that:
ﬁ(gﬁ) - {31732a33734735a36a37}7 R (gﬁ) - {517 527 537 547 553 56}

Figure 2: Directed tree
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From the graph above, Tycy has a sub-basis Syov = {{31,33}, {31, 36},
{32,373}, {32, 4} ,{32,35}}. Then, via finite intersection, the following base
6NC'V 8 pTOduced {¢7 {:‘1} 5 {32} ) {Jla 33} 3 {JlaJG} 5 {327 37} ) {JQa 34} 3 {327 35}}

Then, utilizing unions, we generate a topology Tycy as follows:

Tvov =100, {3} {Fe}, {3, 33, {30, 36}, {32, 30} {32, 3u} {32, 35}, {0, T}
{31, 32, 373, {30, 32, Au b, {30, 32, 353, {30, 32, J6 ), {31, 33, 6}, {32, 35, 37 ),
{31, 32,33}, {34, 32, 37}, {34, 32, 35}, {30, 32, 33, 3 b, {30, 35, Ao, Au b
{31,32,33, 35}, {31, 32, 36, A7}, {31, 32, 34, J6 3, {31, 32, 35, J6 }
{341,32,34, 35} {31, 32, 3u, 37} {32, A4, 35, 37}, {34, 3o, J5, 36, Ir )
{31, 32,33, 30, 36}, {31, 32, A3, 35, J6 }, {0, J2, A3, A, 37}, {30, 32, 5, 34, 35 1
{31,32,34,36, 37}, {31, 32, 34, 35, 36}, {31, 32, 35, 36, 37}, {1, 3o, Ju, 35, 37}
{32,35,34, 35,37}, {31, 32, 33, 3, 35, A7}, {31, 32, 33, 34, T, A7}
{31, 32,33, 35, 36, A7}, {31, 32, 35, Aa, J6, 37}, {30, A2, I3, 34, A5, J6
{31,732, 34,35, 36, 30}

Clearly, Tney s not a discrete topology because it does not have all the sin-
gletons.

Proposition 3.5. The topological space (0, Tycov) is a Ti-space If and only
if Tnov is a discrete topology.

Proof:
This follows directly from the fact that any topological space (F,T) is a
Ti-space if and only if T = P (IF)).

Proposition 3.6. Let Gy = (¥,R) be any directed graph and let Tycy be a
discrete on Go. Then (9, Tnev) is a Ty-space < (9, Tyov) is a T1-space.

Proof:
= ) Obvious.
<) Assume (¢, Tnov) is a Ti-space. Then (9, Tycy) is discrete by Propo-
sition 3.5. This implies that V J € ¢, {v} € Tycy. So V J,w € ¥ such
that I # w,3 {v},{w} € Tyoy such that w € {w} and J € {JI} and
{w} N {v} = 0. Consequently, (¢4, Tycy) is a Tr-space
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4 Conclusion

We presented a definition of a novel topology on directed graphs which
we called the non-adjacency compatible vertices topological space (NCV-
topological space) on the set of vertices. Moreover, we showed a few of the
properties of this topology in some remarks and examples of basic di-graph
types. Furthermore, we obtained some results dealing with an isolated ver-
tex, the discrete non-adjacency compatible vertices topology, and 7} and
Tr-space).
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