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Abstract

In this paper, we present a novel subclass of bi-univalent functions,

which are connected with both the Ruscheweyh derivative operator

and Lucas-Balancing polynomials. We establish bounds for the coeffi-

cients |a2| and |a3| in the Taylor-Maclaurin series for these functions,

as well as the Fekete-Szegö inequality. Additionally, through parame-

ter allocation in our primary discoveries, we unveil several fresh results.

1 Introduction

Let A represent the class of functions f of the form

f(ξ) = ξ +
∞
∑

n=2

anξ
n, (1.1)
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which are analytic in the open unit disk U = {ξ : ξ ∈ C and |ξ| < 1}, and
additionally satisfy the normalization conditions f(0) = f ′(0)− 1 = 0.

Given two functions f and g belonging to the class A, we say that f(ξ)
is subordinate to g(ξ) in the open unit disk U, denoted as f(ξ) ≺ g(ξ), if
there exists a Schwarz function h(ξ), which is analytic in U, satisfying the
conditions h(0) = 0 and |h(ξ)| < 1 for all ξ ∈ U, such that f(ξ) = g(h(ξ))
holds for all ξ ∈ U. Moreover, if the function g is univalent in U, then the
following equivalence holds (referenced as [1]:

f(ξ) ≺ g(ξ) ⇔ f(0) = g(0) and f(U) ⊂ g(U).

Let S be the set of all functions f ∈ A that are univalent within U.
According to the Koebe one-quarter theorem [2], for every function f ∈ S,
there exists an inverse function f−1 such that:

f−1(f(ξ)) = ξ, ξ ∈ U

and

f(f−1(w)) = w, |w| < r0(f), r0(f) ≥
1

4

where

g(w) = f−1(w) = w−a2w
2+(2a22−a3)w

3− (5a32−5a2a3+a4)w
4+ · · · (1.2)

A function f ∈ A is said to be bi-univalent in U if both f and its in-
verse g = f−1 are univalent in U. Let σ denote the set of such bi-univalent
functions in U, as defined by equation (1.1). Recent studies have introduced
various subclasses of σ, aiming to establish bounds for the first two coeffi-
cients, |a2| and |a3|, in the Taylor-Maclaurin series expansion, as well as in
the Fekete-Szegö inequality (see [3–13]).

The Hadamard product (or convolution) of f(ξ) and l(ξ), denoted as
f(ξ) ∗ l(ξ), can be expressed mathematically as:

(f ∗ l)(ξ) = ξ +

∞
∑

n=2

anbnξ
n = (l ∗ f)(ξ) (ξ ∈ U),

where l(ξ) = ξ +
∑

∞

n=2 bnξ
n is an analytic function in U.
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Definition 1.1. [14] Let f ∈ A denote a function defined by equation (1.1).
The Ruscheweyh derivative operator Rℓ : A → A is defined as follows:

Rℓf(ξ) =
ξ
(

ξℓ−1f(ξ)
)(ℓ)

ℓ!
=

ξ

(1− ξ)ℓ+1
∗ f(ξ) = ξ +

∞
∑

n=2

Γ(ℓ+ n)

Γ(n)Γ(ℓ+ 1)
anξ

n,

(1.3)

where ℓ ∈ N0 = {0, 1, 2, . . .} = N ∪ {0}, ξ ∈ U .

Behera and Panda [15] recently introduced a novel integer sequence known
as Balancing numbers. These numbers are generated by the recurrence rela-
tion Bn+1 = 6Bn − Bn−1 for n ≥ 1, with initial values B0 = 0 and B1 = 1.
This introduction has sparked significant interest among researchers, lead-
ing to the exploration of various generalizations. For comprehensive insights
into Lucas-Balancing numbers and their extensions, refer to the works cited
in [16–24]. Among these extensions, one notable example is the Lucas Bal-
ancing polynomial, which is recursively defined as follows:

Definition 1.2. [25] For every complex numbe t and integer n ≥ 2, Lucas-
Balancing polynomials are recursively defined as such:

Cn(t) = 6tCn−1(t)− Cn−2(t), (1.4)

where the initial conditions are given by:

C0(t) = 1, C1(t) = 3t. (1.5)

By employing the recurrence relation (1.4), we can derive the subsequent
expressions:

C2(t) = 18t2 − 1 C3(t) = 108t3 − 9t. (1.6)

Lucas-Balancing polynomials, similar to other number polynomials, can
be obtained using specific generating functions. An example of such a gen-
erating function is represented as follows:

Lemma 1.3. [25] The generating function for Balancing polynomials can
be represented as

B(t, ξ) =

∞
∑

n=0

Cn(t)ξ
n =

1− 3tξ

1− 6tξ + ξ2
, (1.7)

where t is within the range [−1, 1], and ξ is in the open unit disk U.
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2 Coefficient Bounds of the Class Hσ(α, µ,B(t, ξ))

Definition 2.1. Let f ∈ σ be given by (1.1), with α, µ ∈ [0, 1] and t ∈
(

1
2
, 1
]

.
We say f is in the class Hσ(α, µ,B(t, ξ)) if the following subordinations are
satisfied:

(1− α + 2µ)
Rℓf(ξ)

ξ
+ (α− 2µ)

(

Rℓf(ξ)
)

′

+ µξ
(

Rℓf(ξ)
)

′′

≺ B(t, ξ) (2.8)

and

(1−α+2µ)
Rℓg(w)

w
+ (α− 2µ)

(

Rℓg(w)
)

′

+µw
(

Rℓg(w)
)

′′

≺ B(t, w), (2.9)

where the function g(w) = f−1(w) is defined by (1.2) and B(t, ξ) rep-
resents the generating function of the Lucas-Balancing polynomials as given
by equation (1.7).

Example 2.1. Let f ∈ σ be a bi-univalent function. It is said to belong to
the class Hσ(α, 0,B(t, ξ)) if the following subordination conditions hold:

(1− α)
Rℓf(ξ)

ξ
+ α

(

Rℓf(ξ)
)

′

≺ B(t, ξ) (2.10)

and

(1− α)
Rℓg(w)

w
+ α

(

Rℓg(w)
)

′

≺ B(t, w), (2.11)

where the function g = f−1 is defined by (1.2).

Example 2.2. Let f ∈ σ be a bi-univalent function. It is said to belong to
the class Hσ

(

1, 0,B(t, ξ)
)

, if the following subordination conditions hold:

(

Rℓf(ξ)
)

′

≺ B(t, ξ) (2.12)

and

(

Rℓg(w)
)

′

≺ B(t, w), (2.13)
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where the function g = f−1 is defined by (1.2).

Lemma 2.2. [2] Let Ω be the class of all analytic functions, and let ω ∈ Ω
with ω(ξ) =

∑

∞

n=1 ωnξ
n, ξ ∈ D. Then,

|ω1| ≤ 1, |ωn| ≤ 1− |ω1|
2

for n ∈ N\{1}.

Theorem 2.3. Let f ∈ σ of the form (1.1) be in the class Hσ(α, µ,B(t, ξ)).
Then

|a2| ≤
3tΓ(2)Γ(ℓ+ 1)

√

3tΓ(3)
√

∣

∣9t2Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α+ 2µ)− (18t2 − 1)Γ(3) (Γ(ℓ+ 2))2 (1 + α)2
∣

∣

,

(2.14)
and

|a3| ≤
27t3Γ(3) (Γ(2)Γ(ℓ+ 1))2

∣

∣9t2Γ(ℓ+ 1)Γ(ℓ+ 3) (Γ(2))2 (1 + 2α+ 2µ)− (18t2 − 1)Γ(3) (Γ(ℓ+ 2))2 (1 + α)2
∣

∣

+
3tΓ(3) (Γ(ℓ+ 1))2

Γ(ℓ+ 3)(1 + 2α + 2µ)
.

(2.15)

Proof. Let f ∈ Hσ(α, µ,B(t, ξ)) for some 0 ≤ α, µ ≤ 1, and from (2.8) and
(2.9) we have

(1− α+ 2µ)
Rℓf(ξ)

ξ
+ (α− 2µ)

(

Rℓf(ξ)
)

′

+ µξ
(

Rℓf(ξ)
)

′′

= B(t, ξ) (2.16)

and

(1−α+2µ)
Rℓg(w)

w
+(α−2µ)

(

Rℓg(w)
)

′

+µw
(

Rℓg(w)
)

′′

= B(t, w), (2.17)

where g(w) = f−1(w) and u, v ∈ Ω are given to be of the form

u(ξ) =
∞
∑

n=1

cn ξ
n and v(w) =

∞
∑

n=1

dn w
n.



1242 A. Hussen, M.M. Alamari

From Lemma 2.2, we have

|cn| ≤ 1 and |dn| ≤ 1, n ∈ N. (2.18)

Upon substituting the definition of B(t, ξ) from (1.7) into the right-hand
sides of equations (2.16) and (2.17), we obtain

B(t, u(ξ)) = 1 + C1(t)c1ξ +
[

C1(t)c2 + C2(t)c
2
1

]

ξ2

+
[

C1(t)c3 + 2C2(t)c1c2 + C3(t)c
3
1

]

ξ3 + · · · ,
(2.19)

and

B(t, v(w)) = 1 + C1(t)d1w +
[

C1(t)d2 + C2(t)d
2
1

]

w2

+
[

C1(t)d3 + 2C2(t)d1d2 + C3(t)d
3
1

]

w3 + · · · .
(2.20)

Therefore, equations (2.16) and (2.17) become

1 +
Γ(ℓ+ 2)

Γ(2)Γ(ℓ+ 1)
(1 + α)a2ξ +

Γ(ℓ+ 3)

Γ(3)Γ(ℓ+ 1)
(1 + 2α+ 2µ)a3ξ

2

+
Γ(ℓ+ 4)

Γ(4)Γ(ℓ+ 1)
(1 + 3α + 6µ)a4ξ

3 + · · ·

= 1 + C1(t)c1ξ +
[

C1(t)c2 + C2(t)c
2
1

]

ξ2 +
[

C1(t)c3 + 2C2(t)c1c2 + C3(t)c
3
1

]

ξ3 + · · · ,

(2.21)

and

1−
Γ(ℓ+ 2)

Γ(2)Γ(ℓ+ 1)
(1 + α)a2w +

Γ(ℓ+ 3)

Γ(3)Γ(ℓ+ 1)

[

2(1 + 2α + 2µ)a22 − (1 + 2α + 2µ)a3

]

w2

+
Γ(ℓ+ 4)

Γ(4)Γ(ℓ+ 1)

[

(20 (2µ− α)− 5 (2µ− α + 1)− 60µ) a32

+ (−20 (2µ− α) + 5 (2µ− α + 1) + 60µ)a2a3 + (−6µ− 3α− 1) a4

]

w3 + · · ·

= 1 + C1(t)d1w +
[

C1(t)d2 + C2(t)d
2
1

]

w2 +
[

C1(t)d3 + 2C2(t)d1d2 + C3(t)d
3
1

]

w3 + · · · .

(2.22)

Upon equating the coefficients in equations (2.21) and (2.22), we obtain:
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Γ(ℓ+ 2)

Γ(2)Γ(ℓ+ 1)
(1 + α)a2 = C1(t)c1, (2.23)

Γ(ℓ+ 3)

Γ(3)Γ(ℓ+ 1)
(1 + 2α+ 2µ)a3 = C1(t)c2 + C2(t)c

2
1, (2.24)

−
Γ(ℓ+ 2)

Γ(2)Γ(ℓ+ 1)
(1 + α)a2 = C1(t)d1, (2.25)

and

Γ(ℓ+ 3)

Γ(3)Γ(ℓ+ 1)

[

2(1+2α+2µ)a22−(1+2α+2µ)a3

]

= C1(t)d2+C2(t)d
2
1. (2.26)

By employing equations (2.23) and (2.25), we deduce the subsequent ex-
pressions:

c1 = −d1 (2.27)

and

c21 + d21 =
2
(

Γ(ℓ+ 2)
)2
(1 + α)2a22

(

Γ(2)Γ(ℓ+ 1)
)2(

C1(t)
)2 . (2.28)

Moreover, employing equations (2.24), (2.26), and (2.28) yields:

a22 =
Γ(3) (Γ(2)Γ(ℓ+ 1))2

(

C1(t)
)3
(c2 + d2)

2
[

Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α + 2µ)(C1(t))2 − Γ(3) (Γ(ℓ+ 2))2 (1 + α)2C2(t)
] .

(2.29)
By employing Lemma 2.2 and analyzing equations (2.23) and (2.27), we

have

|a2|
2 ≤

Γ(3) (Γ(2)Γ(ℓ+ 1))2 |C1(t)|
3

∣

∣Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α + 2µ)(C1(t))2 − Γ(3) (Γ(ℓ+ 2))2 (1 + α)2C2(t)
∣

∣

,

(2.30)

therefore

|a2| ≤
Γ(2)Γ(ℓ+ 1) |C1(t)|

√

Γ(3) |C1(t)|
√

∣

∣Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α + 2µ)(C1(t))2 − Γ(3) (Γ(ℓ+ 2))2 (1 + α)2C2(t)
∣

∣

.

(2.31)



1244 A. Hussen, M.M. Alamari

Substituting C1(t) and C2(t), as given in equations (1.5) and (1.6) respec-
tively, into equation (2.31) yields the subsequent expression,

|a2| ≤
3tΓ(2)Γ(ℓ+ 1)

√

3tΓ(3)
√

∣

∣9t2Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α + 2µ)− (18t2 − 1)Γ(3) (Γ(ℓ+ 2))2 (1 + α)2
∣

∣

.

Subtracting equation (2.26) from equation (2.24) yields:

a3 = a22 +
Γ(3)Γ(ℓ+ 1)C1(t)(c2 − d2)

2Γ(ℓ+ 3)(1 + 2α + 2µ)
. (2.32)

As a result, this leads to the subsequent inequality:

|a3| ≤ |a2|
2 +

Γ(3)Γ(ℓ+ 1) |C1(t)| |c2 − d2|

2Γ(ℓ+ 3)(1 + 2α + 2µ)
. (2.33)

By applying Lemma 2.2 and employing equations (1.5) and (1.6), we
derive:

|a3| ≤
27t3Γ(3) (Γ(2)Γ(ℓ+ 1))2

∣

∣9t2Γ(ℓ+ 1)Γ(ℓ+ 3) (Γ(2))2 (1 + 2α + 2µ)− (18t2 − 1)Γ(3) (Γ(ℓ+ 2))2 (1 + α)2
∣

∣

+
3tΓ(3) (Γ(ℓ+ 1))2

Γ(ℓ+ 3)(1 + 2α + 2µ)
.

(2.34)

The proof of Theorem 2.3 is now complete.

3 Fekete–Szegö Functional Estimations of the

Class Hσ

(

α, µ,B(t, ξ)
)

In this section, utilizing the values of a22 and a3 aids in deriving the Fekete–
Szegö inequality applicable to functions within the domain ofHσ

(

α, µ,B(t, ξ)
)

.

Theorem 3.1. Let f ∈ σ given by the form (1.1) be in the class HΣ(α, µ,B(t, ξ)).
Then

∣

∣a3 − ηa22
∣

∣ ≤

{

3tΓ(3)Γ(ℓ+1)
Γ(ℓ+3)(1+2α+2µ)

if 0 ≤ |h(η)| ≤ Γ(3)Γ(ℓ+1)
2Γ(ℓ+3)(1+2α+2µ)

6t |h(η)| if |h(η)| ≥ Γ(3)Γ(ℓ+1)
2Γ(ℓ+3)(1+2α+2µ)

,
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where

h(η) =
9t2Γ(3) (Γ(2)Γ(ℓ+ 1))2 (1− η)

2
[

9t2Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α+ 2µ)− (18t2 − 1)Γ(3) (Γ(ℓ+ 2))2 (1 + α)2
] .

Proof. Equations (2.29) and (2.32) yield

a3 − ηa22 = a22 +
Γ(3)Γ(ℓ+ 1)C1(t)(c2 − d2)

2Γ(ℓ+ 3)(1 + 2α + 2µ)
− ηa22

= (1− η)a22 +
Γ(3)Γ(ℓ+ 1)C1(t)(c2 − d2)

2Γ(ℓ+ 3)(1 + 2α+ 2µ)

= (1− η)
Γ(3) (Γ(2)Γ(ℓ+ 1))2

(

C1(t)
)3
(c2 + d2)

2
[

Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α + 2µ)(C1(t))2 − Γ(3) (Γ(ℓ+ 2))2 (1 + α)2C2(t)
]

+
Γ(3)Γ(ℓ+ 1)C1(t)(c2 − d2)

2Γ(ℓ+ 3)(1 + 2α+ 2µ)

=
(

C1(t)
)

([

h(η) +
Γ(3)Γ(ℓ+ 1)

2Γ(ℓ+ 3)(1 + 2α+ 2µ)

]

c2 +

[

h(η)−
Γ(3)Γ(ℓ+ 1)

2Γ(ℓ+ 3)(1 + 2α + 2µ)

]

d2

)

,

where

h(η) =
Γ(3) (Γ(2)Γ(ℓ+ 1))2

(

C1(t)
)2
(1− η)

2
[

Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α + 2µ)(C1(t))2 − Γ(3) (Γ(ℓ+ 2))2 (1 + α)2C2(t)
] .

By considering equations (1.5) and (1.6), and applying equation (2.18),
we can conclude that

∣

∣a3 − ηa22
∣

∣ ≤

{

3tΓ(3)Γ(ℓ+1)
Γ(ℓ+3)(1+2α+2µ)

if 0 ≤ |h(η)| ≤ Γ(3)Γ(ℓ+1)
2Γ(ℓ+3)(1+2α+2µ)

6t |h(η)| if |h(η)| ≥ Γ(3)Γ(ℓ+1)
2Γ(ℓ+3)(1+2α+2µ)

.

The proof of Theorem 3.1 is now complete.

Corollary 3.2. Let f ∈ σ given by the form (1.1) be in the class Hσ

(

α, 0,B(t, ξ)
)

. Then
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|a2| ≤
3tΓ(2)Γ(ℓ+ 1)

√

3tΓ(3)
√

∣

∣9t2Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α)− (18t2 − 1)Γ(3) (Γ(ℓ+ 2))2 (1 + α)2
∣

∣

,

|a3| ≤
27t3Γ(3) (Γ(2)Γ(ℓ+ 1))2

∣

∣9t2Γ(ℓ+ 1)Γ(ℓ+ 3) (Γ(2))2 (1 + 2α)− (18t2 − 1)Γ(3) (Γ(ℓ+ 2))2 (1 + α)2
∣

∣

+
3tΓ(3) (Γ(ℓ+ 1))2

Γ(ℓ+ 3)(1 + 2α)
,

and

∣

∣a3 − ηa22
∣

∣ ≤

{

3tΓ(3)Γ(ℓ+1)
Γ(ℓ+3)(1+2α)

if 0 ≤ |h1(η)| ≤
Γ(3)Γ(ℓ+1)

2Γ(ℓ+3)(1+2α)

6t |h1(η)| if |h1(η)| ≥
Γ(3)Γ(ℓ+1)

2Γ(ℓ+3)(1+2α)
,

where

h1(η) =
9t2Γ(3) (Γ(2)Γ(ℓ+ 1))2 (1− η)

2
[

9t2Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 (1 + 2α)− (18t2 − 1)Γ(3) (Γ(ℓ+ 2))2 (1 + α)2
] .

Corollary 3.3. Let f ∈ σ given by the form (1.1) be in the class ,Hσ

(

1, 0,B(t, ξ)
)

.
Then

|a2| ≤
3tΓ(2)Γ(ℓ+ 1)

√

3tΓ(3)
√

∣

∣27t2Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 − 4(18t2 − 1)Γ(3) (Γ(ℓ+ 2))2
∣

∣

,

|a3| ≤
27t3Γ(3) (Γ(2)Γ(ℓ+ 1))2

∣

∣27t2Γ(ℓ+ 1)Γ(ℓ+ 3) (Γ(2))2 − 4(18t2 − 1)Γ(3) (Γ(ℓ+ 2))2
∣

∣

+
tΓ(3) (Γ(ℓ+ 1))2

Γ(ℓ+ 3)
,

and

∣

∣a3 − ηa22
∣

∣ ≤

{

tΓ(3)Γ(ℓ+1)
Γ(ℓ+3)

if 0 ≤ |h2(η)| ≤
Γ(3)Γ(ℓ+1)
6Γ(ℓ+3)

6t |h2(η)| if |h2(η)| ≥
Γ(3)Γ(ℓ+1)
6Γ(ℓ+3)

,
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where

h2(η) =
9t2Γ(3) (Γ(2)Γ(ℓ+ 1))2 (1− η)

2
[

27t2Γ(ℓ+ 3)Γ(ℓ+ 1) (Γ(2))2 − 4(18t2 − 1)Γ(3) (Γ(ℓ+ 2))2
] .

4 Conclusions

In this paper, we have introduced and explored a new subclass of analytic
bi-univalent functions denoted asHσ(α, µ,B(t, ξ)), which are linked to Lucas-
Balancing Polynomials and the Ruscheweyh derivative operator. Our inves-
tigation focuses on initial estimates of Taylor-Maclaurin coefficients |a2| and
|a3|. Moreover, using a22 and a3, we establish Fekete-Szegö inequalities for
functions in this subclass. Moreover, By specializing parameters, we es-
tablished connections between subclass, Lucas-Balancing Polynomials and
Ruscheweyh derivative operator, deriving estimates for Taylor-Maclaurin co-
efficients and exploring Fekete-Szegö inequalities.
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