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Abstract

Let G be a graph with vertex-set and edge-set V(G) and E(G),
respectively. Then a subset @ of V(G) is said to be a 3-distance
dominating if for every u € V(G)\Q, there exists v € @ such that
dg(u,v) = 3. The minimum cardinality among all 3-distance domi-
nating sets of G, denoted by 72(G), is called the 3-distance domination
number of G. In this paper, we obtain some bounds and exact values
of the parameter for some graphs via characterization. Moreover, we
characterize the equality of this parameter with respect to the domi-
nation and hop domination parameters of a graph, respectively.

Key words and phrases: 3-distance dominating set, 3-distance domination
number.

AMS (MOS) Subject Classifications: 05C69.

ISSIN 1814-0432, 2024, http://ijmes.future-in-tech.net



982 J.A. Hassan et al.

1 Introduction

Domination in graphs is one of the fastest growing areas in Graph Theory.
Many authors contribute several interesting domination parameters to nur-
ture the growth of this research area. Let G be a graph. A subset D of
V(G) is called a dominating of G if for every v € V(G)\D, there exists
u € D such that uv € E(G); that is, a set D is called a dominating set of
G if Ng[D] = V(G). The domination number of G, denoted by v(G), is the
minimum cardinality among all dominating sets of G.

One of the several considered variations of the standard domination con-
cept is hop domination introduced by Natarajan et al. [19]. A subset S of a
vertices of a graph G is called a hop dominating if for every a € V(G) \ 5,
there exists b € S such that dg(a,b) = 2. The minimum cardinality among
all hop dominating sets of G, denoted by 7,(G), is called the hop domi-
nation number of G. Researchers in the field had further investigated this
concept, introduced new variants, and obtained some significant results that
contributed a lot to the hop domination theory. Some studies related to hop
domination and its variations can be found in [1, 2, 3, 4, 5, 6, 7, 8].

In this paper, 3-distance domination in a graph is introduced and in-
vestigated. Let G be a graph. Then a subset ) of V(G) is said to be a
3-distance dominating if for every v € V(G)\Q, there exists v € @) such that
dg(u,v) = 3. The minimum cardinality among all 3-distance dominating
sets of G, denoted by v3(G), is called the 3-distance domination number of
G. A vertex v in G is a 3-distance neighbor of vertex u in G if dg(u,v) = 3.
The set Ng(u) = {v € V(G) : dg(v,u) = 3} is called the 3-distance open
neighborhood of u. The 3-distance closed neighborhood of u in G is given by
Ng[u] = N&(u) U {u}. The 3-distance open neighborhood of X C V(G) is
the set N2 (X) = U Ng(u). The3-distance closed neighborhood of X in G

ueX
is the set N3[X] = N2(X)U X. That is, @ is a 3-distance dominating if
NZ[Q] = V(G). We believe this study and its results would give additional
insight and would serve as a reference for future researchers who might study
some variations of domination.
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2 Main results

Theorem 2.1. Let G be a graph. Then 1 < ¥3(G) < |[V(G)|. Moreover,
each of the following holds:

i. Y3(GQ) =1 if and only if G is trivial.
ii. v3(GQ) = |V(G)| if and only if diam(H) < 2 for each component H of G.

Proof. Let G be a graph. Since @ C V(@) is not 3-distance dominating,
v3(G) > 1. Since any 3-distance dominating set @ is always a subset of V(G),
it follows that v3(@) < |V(G)|. Consequently, 1 < 3(G) < |V(G)|.

(i) Suppose that v*(G) = 1. Then {v;} C V(G) = {v1,- -+ ,v,} is mini-
mum 3-distance dominating set of G for some i € {1,2,--- ,n}. This means
that N3[v;] = V(G). If G is non-trivial, then |V(G)| > 2. Assume that G
is disconnected and that Gi,---,Gg, k > 2 are components of G. Assume
that v; € V(G;) for some i. Now V(G;) € Ng[v;]) Vi # j, a contradiction.
Suppose that G is connected. Let a € Ng(v;). Then a ¢ NZ[v], showing
that N2[v;] # V(G), a contradiction. Therefore, G is trivial.

Conversely, suppose that G is trivial. Then v*(G) = 1.

(1) Suppose that v2(G) = |V(G)|. Then V(G) is the minimum 3-distance
dominating set of G. This means that N3[z] = {z} V x € V(G). Suppose
there is a component H of G with diam(H) > 3. Let u,v € V(H) such that
dg(u,v) = 3. Then V(G)\{u} is a 3-distance dominating set of G. Thus
v (G) < |V(G)| — 1, a contradiction. Therefore, diam(H) < 2 for every
component H of G.

Conversely, suppose that diam(H) < 2 for each component H of G.
Then Njw] = {w} for each w € V(H). It follows that N2[a] = {a} for
each a € V(G). Thus V(G) is the only 3-distance dominating set of G.
Consequently, v*(G) = [V (G)|. O

Corollary 2.2. Letn and m be positive integers. Then each of the following
holds:

i. ¥(Sy)=n+1Vn>1.

i (W, =n+1Vn>3.

iwi. v(F,)=n+1VYn>2.

w. V(Kpn)=m+n¥Ynm>1.

v. Y¥¥(G+ H) =|V(G+ H)| for any graphs G and H.
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Theorem 2.3. Let G be a graph. If v,(G) = |V(GQ)|, then v3(G) = |V (G).
Howewver, the converse is not always true.

Proof. Suppose that v,(G) = |[V(G)|. Then V(G) is the minimum hop domi-
nating set of G. Assume first that G is connected. If G is non-complete, then
there exist x,y € V(G) such that dg(x,y) = 2. Thus, V(G)\{y} is a hop
dominating set of G and so 7,(G) < |V(G)| — 1, a contradiction. Therefore,
G must be complete and so by Theorem 2.1, v3(G) = |[V(G)|. Now, suppose
that G is disconnected. Let Hy,...H,, r > 2 be components of G. Assume
that H; is non-complete for some i € {1,...,7}. Then dy(u,v) = 2 for some
u,v € V(H;). Let S = V(G)\{v}. Then S is a hop dominating set of G.
Thus v,(G) < |[V(G)] — 1, a contradiction. Hence every component H of G
is complete and so diam(H) < 1. By Theorem 2.1, 7*(G) = |V(G)|.

To see that the converse is not true, consider the graph G in Figure
1. Let Q; = {a,b,c,d,e} . Then by Theorem 3 , v3(G) = 5. Now, let
Q2 = {b,c,d,e}. Then N3[Qs] = V(G). Thus Q; is a hop dominating set of
G. Hence, 7(G) <4 <5 =|V(GQ)| =*(Q). O

b

G- d €
: o—O

a c

Figure 1: Graph G with v,(G) <4 <5 = |V(G)| = 13(6)

Theorem 2.4. Let G be graph. Then v*(G) = 1, (G) = |[V(G)] if and only
if every component of G is complete.

Proof. Suppose that v*(G) = |V(G)| = w(G). Then diam(H) < 2 for
each component H of G by Theorem 2.1. Suppose that diam(K) = 2 for
some component K of G. Let a,b € V(K) C V(G) such that di(a,b) =
2 = dg(a,b). Then V(G)\{b} is a hop dominating set of G. Thus v,(G) <
|V(G)| — 1, a contradiction. Therefore, diam(K) < 1 for each component K
of G. It follows that K is complete.

Conversely, suppose that each component H of G is complete. Let x €
V(H). Then N%[z] = {x}. Since z is arbitrary, it follows that V(H) is the
only hop dominating set of H. Thus ~,(H) = |V (H)|. Since H is arbitrary,
we have 7,(G) = |V(G)|. Now, since every component H of G is complete, it
follows that diam(H) < 1. Therefore, v*(G) = |V(G)| by Theorem 2.1. O



3-Distance Domination Numbers of Some Graphs 985

Theorem 2.5. Let G be a graph. Then v3(G) = |V(G)| = v(G) if and only
if every component K of G is trivial.

Proof. Suppose that v*(G) = |V(G)| = v(G). Since ¥3(G) = |V(G)|,
diam(K) < 2 for each component K of G by Theorem 2.1. Assume that
diam(K) = 2. Let a,b € V(K) such that dx(a,b) = 2. Then u € Nk(a) N
Nk (y) for some u € V(K). Let Q = V(G)\{u}. Then @ is a dominating set
of G. Thus v(G) < |V(G)| — 1, a contradiction. Suppose that diam(K) = 1.
Then there exist x,y € V(K) such that dg(z.y) = 1. Let P = V(G)\{x}.
Then P is a dominating set of G. Hence v(G) < |V(G)| — 1, a contradiction.
Therefore, diam(K) = 0 for each component K of G. Consequently, K is
trivial.

Conversely, suppose that every component K of G is trivial. Then
diam(K) = 0. Thus, by Theorem 2.1, v3(G) = |[V(G)|. Clearly, v(G) =
|[V(G)]. That is, v¥(Q) = |V(G)| = v(G). O
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