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Abstract

We study the Orlicz space Lg(X) that is equipped with a 2-norm.
This can be viewed as a generalization of the usual norm in the Orlicz
space Ly(X). Using a derived norm that is obtained from the 2-norm,
we show that Lg(X) is complete with respect to the 2-norm.
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1 Introduction

The theory of 2-normed spaces was initially introduced by Géhler [1] in the
mid 1960’s and its generalization can be found in [2, 3, 4]. Since then, many
researchers have studied the structures of these spaces. Recent results can
be found, for example, in [5, 6, 7, 9, 8]. In 2013, Idris et al. [10] studied the
2-normed spaces on the space of p-summable sequences. Ekariani et al. [5]
also studied the 2-normed space of p-integrable functions on the Lebesgue
spaces. Before we present our main results, here are some basic concepts of
the 2-normed spaces.

Let X be a real vector space of dimension d where 2 < d < co. A 2-norm
is a mapping |-, -|| : X x X — R which satisfies the following four conditions:

—_

. ||z, y]] = 0 if and only if x, y are linearly dependent;
Myl = lly, =] for every .y € X;

- Nazx, y|| = |a| ||z, y|| for every z,y € X and for every o € R;

= W N

N,y + 2| < |z, yl| + ||, 2|| for every z,y, 2z € X.

The pair (X, |-, ||) is called a 2-normed space. Using this definition, we have
|z, y|| > 0 and ||z, y|| = ||x,y + ax|| for any z,y € X and o € R. A sequence
{z,,} in the 2-normed space (X, ||-,-||) is said to be convergent to an z in X if
nh_)rrolo |zn — z,y|| = 0 for any y € X. A sequence {x,} is said to be a Cauchy

sequence in X if for any y € X and € > 0 there exists ng € N such that
|Tn — Zm, y|| < € for any n,m > ng. If every Cauchy sequence converges to
an x in X, then X is said to be complete. Any complete 2-normed space is
said to be a 2-Banach space.

Let @ : [0,00) — [0,00) be a Young function (that is, ® is convex, left-
continuous, (0) = 0, and tlgg ®(t) = 00). The Orlicz space Lg(X) is defined

as the set of measurable functions f : X — R such that [, ®(a|f(z)|)dz < oo
for some a > 0. The Orlicz space Lg(X) is a Banach space with respect to
the usual norm:

£l = inf{b>0:/X<I> (@) dr < 1}

(see [11, 12, 13]). Note that, if if ®(¢) := ¥ for some p > 1, then Lo(X) =
L,(X), the Lebesgue space of p-th integrable functions on X. Thus, the

Orlicz space Lg(X) can be viewed as a generalization of the Lebesgue space
LP(X).
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In this paper, we introduce the Orlicz space Lg(X) equipped with the 2-
norm, which can be regarded as a generalization of the usual norm. Moreover,
we define a norm that is obtained from the 2-norm and show that Le(X) is
a 2-Banach space with respect to its 2-norm.

2 Main results

2.1 Lg(X) as a 2-normed space

Let Lg(X) be the Orlicz space where ® : [0,00) — [0,00) is the Young
function and X is a measure space with at least n disjoint subsets of positive
measure. We define the mapping ||-, ||z, (x) on Lo (X) x Ls(X) by

I£.9l., :inf{b>0:;//¢<z1) det( 5553 ch((fj; )')dmdmd}'
X X

Next, we will show that the mapping in (2.1) defines a 2-norm on Lg(X).
To do so, we use the following lemmas:

Lemma 2.1. If 0 < ||f, g, < oo, then

;!!®<ﬁ;kfm<§gpf@ﬂﬂ>wﬂm<L

(1) g(x2)
Proof. Suppose that

f,qu)inf{b>o;;//cI><l1) det( g((;”ll; g((;”j; )D dwldx2<1}.
X X

Then |[|f,gl|;, = inf B. For any ¢ > 0, there exists b, € B such that
1fs9llp, <0 <|If gllp, + € Asa consequence, we have

‘det ( f(x)  flx2) )‘ dot ( f(z1)  f(2) )‘
g

g(w1)  g(xa) (z1) g(x2)
1f:9llp, +€ B b

)

for every x1, x5 € X. By using the properties of the Young function, we have

119 (s oo (0] 160 )| e <1
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Since € > 0 is arbitrary, we have

L o f(z1)  f(a2)
QX/X/(I) (vagHLq) det ( 9(x1 )D dxidry < 1.

Lemma 2.2. |f,g|,, =0 if and only if
s[)® (% det ( fa) f(wa) )D dxidry <1 for every e > 0.
XX

g(z1)  g(x2)
Proof. (<) This is obvious.
(=) Suppose, on the contrary, that there is ¢y > 0 such that

ot (2 2o

g(x1)  g(x2)

Next,

1f,9l, = 1nf{b>0// < det< ”’3 §E§§;>'>d$1dx2<l}.

Hence, |/f, 9|, = inf B. Taking an arbitrary b € B, we have ¢y # b. We
consider two cases.
Case I: g > b. By using the properties of the Young function, we obtain

o oGl (050 00 )])
_2// ( det( fla) f(xQ))Ddxld@gl.

g(z1)  g(z2)
Case II: b > €. This implies that [|f,gl[,, > e > 0. Hence, we obtain a
contradiction in both cases. O

Lemma 2.3. |f,gl,, =0 if and only if for every a >0

o1 2

g(r1) g(w2)
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Proof. For every 0 < ¢ < 1 and a > 0, we obtain

o (afoer( ) o )]) =2 (a0 (®

f(x1)  f(x2)
= E‘I’< ‘det< (e1) gle2) >‘
By Lemma 2.2, we have 1 [ [ ® (a det ( ggg; ggiji )D dx,dzy <e. Since
X X

0 < e < 1 is arbitrary, we conclude that

[ ol (1 1

(z1) g(x2)
for every a > 0. Conversely, suppose that for every o > 0

o fo (el (J) 265 )] a0

Then 1 ¢ {b> 0 :%){){@ <% det < ggi; ggg; )D dydiy < 1}. Hence,

1,90y x) < L. Since o > 0 is arbitrary, we have £, 9L, = 0. O

Finally, we have a 2-norm on Lg in the following theorem.
Theorem 2.4. The mapping (2.1) defines a 2-norm on Le(X)
Proof. We need to check that ||, -||, satisfies the four properties of a 2-norm.

(1) Suppose that [|f,g[[,, = 0. By Lemma 2.3, we obtain

// ( det( fla) f(IZ))Ddxldxgzo

(z1)  g(22)
for every a > 0. Since ® (a

(z1) g(x2)
det ( ) D = 0. As a consequence, we have

det < g(:ﬁ; jgf(x ) ) = 0. Hence, f and ¢ are linear dependent. Con-

det ( g (1) fl22) )D > 0, we conclude

that & (

versely, suppose f = kg for some k& € R. Observe that

dot ( flz1)  f(22) ) _o

g(x1) g(x2)
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Then ||f, 9], =
: 1 1 f(z1)  flz2)
inf{b>0 5//(13 (5 det ( o(z1) g(z) )D dridry <1
X X
1
=inf < b>0:= ¢ (0)drydry <1 =inf{b> 0} =0.
/]

(2) By properties of the determinant, we have || f,gll,. = llg, fll., -
(3) Again, by properties of the determinant, we have || f, |, = |a|[|f, gl -

(4) Suppose that || f, g+ hll,, =

(Y CIC QU L | PR}

Choose b = || f, gl + |If, 2l - Using the properties of determinants
and Lemma 2.1, we obtain

1 (o) ) ate 2 Hee )|
/ / ﬁf,gquﬁuﬁ,hﬁL@ K

e o oo (oten e ),

N ||fvg||Lq>+||f7h||Lq> 2||fvg||Lq

flz1)  f(x2) >‘

1/5 P, // ‘ < (1) h(z)

dxldacg
vagHLq)—l_vahHLq 2||fvh||[,q>
||f7.gHLq> + va”Lq> -1
N ||fvg||Lq>+||f7h||Lq> ||f7.gHLq>+||f7hHLq>
Hencev ||fvg+ hHLq> S b = ||f7.gHLq> + ||f7hHLq> N
U

The following theorem shows the connection between Lg(X) equipped with
I, -ll, and L,(X) equipped with [[-, [, .
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Theorem 2.5. If ®(t) =* for 1 < p < oo, then ||f, g, = If. 9.,

Proof. Suppose that ®(t) = t? for 1 < p < co. Observe that
1 1
1fogll,, = inf b>0:§//b—p det<§8j3 ggz;)
X X
. 1 flan) f(z2) )
=inf<b>0 2X/X/ det < 9(x1) gle)

dot ( flz1)  f(a2) )

. p _ 1
Since | f, 9|7, = 2){! g(z1) g(x2)

for every b € A. Consequently, || f, 9||L,, is lower bound A. Hence, || f, 9||L,, <
1f;9ll., - Conversely, choosing b = || f, g||Lp , we have

%X/ X/ IXIA e (100 1)
- o ([ (060 06)

Hence, b = |[|f,gll;,, € A. Since infA = |f, g, , we have [[f,gll, >
1f: 9l - Therefore, || f,gll,, = I/, 9ll, - O

This fact shows that Orlicz spaces equipped a 2-norm can be viewed as
generalizations of Lebesgue spaces in 2-normed spaces.

p
dl’ldﬂ?g S 1

p
dl’ldl'g S bP = inf A.

p
dzidzs, we have [|f, g|[;, <0

p
dl’ldl’g

p
dl’ldl’g =1.

2.2 Lg(X) as a 2-Banach space

We know that Lg(X) is a Banach space with respect to its usual norm |-,
[12]. Our aim now is to show that Le(X) is a 2-Banach space with respect
to its 2-norm |-, -/, . To do so, we need the following lemmas:

Lemma 2.6. If f,g € Lo(X), then

O(|f ()l g(x)]) < CO(|f(x)[)(|g(x)]),

for some C > 0.
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Proof. The proof is by contradiction. If there are no C' > 0 such that

O(|f ()] g(2)]) < CO(|f(x))2(|g(x)]),

then (| f(z)||g(x)]) > n®(|f(z)])®(|g(z)|) for all n € N. That is , 2L lst))

(
O(|f(x)))®(|g(x)]) for all n € N.. Letting n — oo, ZWE@D g6,
O(|f(x))P(|lg(z)]) < 0. This contradicts ®(|f(x)])P(|g(z)|) > 0 for any
x € X. Hence ®(|f(z)]|g(z)]) < CP(|f(z)])P(|]g(x)|) for x € X and some
C>0. O

By using the above lemma, we have

/()] lg(s)| a0l (lo2)
v ( [T, lgl, ) =ar ( ||f||Lq>> ? ( ||g||Lq>> |

£l g(a) @l (lota)
v <||f||Lq> ||g||Lq>(X>> =0 (||f||Lq>> v ( ||g||Lq>>

for some C; > 0 and C5 > 0. As a consequence, we have the following lemma:

max(C1,C:
Lemma 2.7. ||f,g||, < ™G 1], g, -
Moreover, we have the following theorem:

Theorem 2.8. If a sequence {f,} € Lo(X) converges to an f with respect
to the norm ||-|| ., then {f,} also converges with respect to the norm |-, || .
Similarly, if {fn} € Lo(X) is a Cauchy sequence with respect to the norm
[ll, > then {fu} € La(X) is a Cauchy sequence with respect to the norm

Il
Proof. Let {f.} € Ls(X) converge to an f with respect to the norm ||-||
(i.e limy, oo [ fu = fll, = 0). Using Lemma 2.7, we obtain
Tim £y — £l < lim max(Ca,Ca) £ = fll, lgll, =0
for every g € Lo (X). This shows that {f,} also converges to f with respect

to the norm ||+, ||, . The proof of the second part is similar. O

Now, we can define a norm that is obtained from the the 2-norm in a certain
way. Indeed, if {a;, as} is a linearly independent set in Lg(X), then

1z, = I1fanlly, +11f azll, (2.1)
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defines a norm on Lg (X ). Observe that || |7, in (2.1) satisfies the properties
of a norm. In particular, we check that if || f ||*L(1 = 0, then f = 0 almost
everywhere. Indeed, if || f||;, = 0, then [|f,a1l[,, = 0 and | f,azll,, = 0.
As a consequence, f = ka; for some k € R. Substituting f = ka,, we
obtain k ||ai,as|;, = 0. Since [lai,az,, # 0, k = 0. Hence, f = 0 almost
everywhere.

Now, we find the relation between the Banach space with respect the
derived norm ||-[|7, x) and the 2-Banach space with respect to the 2-norm
[Nl g (x) @s follows:

Theorem 2.9. Let {ai,as} be a basis on Le(X). The Orlicz space Lg(X)
with respect to the 2-norm ||-, || is a 2-Banach space if and only if Ls(X)
with respect to the derived norm ||-||,, is a Banach space.

Proof. Assume that Le(X) with respect to the 2-norm |-, x) is a 2-
Banach space. If {f,} is the arbitrary Cauchy sequence respect to the norm
||'||*Lq> ) then ||fm - fn>a1||Lq>+||fm - fn?a2||Lq) = Hfm - an*Lq) — Oas n,m—
0o. As a consequence, we obtain || f,, — fn, a1, — 0and |[fo — fu, azfl,, —
0 as n,m — oo. Since {ay,as} is basis on Lg(X), for every a € Lo(X) we
have

| frm — fmaHLq) = |f = fr a1 + 052a2||Lq)

= |a1| ||fm - fn>a1||Lq> + |a2| Hfm - fnaa2||Lq> .

This shows that ||f,, — fu,all,, — 0 as n,m — oo for every a € Lg(X).
Hence, {f,} is a Cauchy sequence with respect to the 2-norm. Since L¢(X) is
a 2-Banach space, there exists an f € Lg(X) such that || f, — f,al;, — 0 as
n — oo. In particular, we obtain || f,, — f,ail|;, — 0 and || f, — f, a2, — 0
s 1 — 0o Hence, |lf, — s, = Ifo— Forlly, + [~ Fraaly, = 0 as
n — oo. Since the Cauchy sequence {f,} converges to an f € Le(X), Lo(X)
is a Banach space with respect to the norm ||-||7 .

Conversely, assume that Lg(X) with respect to the norm ||-||7 is a Banach
space. Let {f,} be a Cauchy sequences in Lg(X) with respect to the 2-
norm ||+, -[|;_; that is, imy, neo | fn — fa, all, = 0 for every a € Lg(X). In
particular, for a = a; and a = ag, we obtain lim, 00 || frn — fis alHLq) =0
and limy, o0 || frn — fos a2||Lq> = 0. It follows that

[ Fulliy = 1m0 [ = fanrllyy + [ fin — Furazll ] = 0.

lim
m,n— 00

Hence, {f,} is a Cauchy sequence in Lg(X) with respect to the derived norm
||'||zq>(x)- Since Lg(X) is a Banach space with respect to the derived norm
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11, (x)» there is an f € Lg(X) such that lim, o [|fo — fll7, x) = 0. As
a consequence, we have lim, . ||f. — f, a,-||Lq)(X) = 0 for ¢ = 1,2. Since
{ay,as} is basis on Lg(X), for every a € Lg(X) we obtain

1o = Frall, = [lfa = Franar + apaaf,

= leallfa = fraall ) + el (1 fn = fa2ll 1y x) -

Hence, limy, o || fn = f, all, (x) = 0 for every a € Lo(X). Since the Cauchy
sequence {f,} converges to an f € L¢(X), Lo(X) is a Banach space with
respect to the 2-norm ||-,-[| - O

3 Concluding Remarks

The following proposition shows the relation between the derived norm |-/, x)
and the usual norm ||+, x) on Le(X).

Proposition 3.1. Let {aq,as} be a linearly independent set in Le. For every
f € Lo, we have || f|}, < max(Cy, Co)(llarll, + llazllp,) £l -

1,0
maEC) £l |

Proof. Using Lemma 2.7, we have [|f, a1, < a1, and

I, aolly, < == |, sl for every f € La(X). By (2.1), we have

1£1z, < max(Cy, Ca)(llarlly, + llazll.,) £, - D

As a result of Proposition 3.1 and Lemma 2.7, we have

Corollary 3.2. If a sequence {f,} € Lo(X) converges to an f with respect
to |-l » then {fu} also converges with respect to ||-||},, . Similarly, if { f.} €
Ly(X) is a Cauchy sequence with respect to the norm ||-||, , then {f.} €
Lg(X) is a Cauchy sequence with respect to the norm [|-[|7, .

Unfortunately, up to now, we have not been able to prove that the derived
norm ||-||7, and the usual norm ||-||, ~on Lg(X) are equivalent. Therefore,
we do not know if Lg (X)) is a Banach space with respect to the derived norm
|||, using a linearly independent set {a1,az} in Lo (X).
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