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Abstract

In this article, we present the number of free linear codes over any

finite commutative ring which have a given rank and a given number

of standard basis vectors.

1 Introduction

Enumeration problems concerning linear codes over finite fields have been
extensively studied. A classic formula for the number of r-dimensional lin-
ear codes of length n over Fq is given by [ nr ]q =

∏r−1
i=0

qn−qi

qr−qi
, known as the

Gaussian coefficient (see [9] for the proof). The code alphabets are usually
elements in fields; however, in many important situations, the alphabets are
elements in commutative rings where the properties of commutative rings
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can affect the structure of the codes. Therefore, codes over commutative
rings have been continuously explored [2, 3, 8].

Abdel-Ghaffar [1] presented the number of linear codes with a specified
number of standard basis vectors over finite fields. Certainly, standard basis
vectors are often used to define the code’s structure and properties. This
result over finite fields was later generalized to the number of free linear codes
over some finite commutative rings, specifically commutative local rings [7].
In this paper, we complete the study of free linear codes with prescribed
standard basis vectors over arbitrary finite commutative ring.

This paper is organized as follows: Section 2 is devoted to some defini-
tions and properties of finite commutative rings and linear codes over finite
commutative rings. In Section 3, we analyze the number of free linear codes
with a given number of standard basis vectors over a finite commutative ring.

2 Preliminaries

Let R be a finite commutative ring. The set of units in R is denoted by
R×. If R is a field, then R× = R \ {0}. A local ring is a ring with a unique
maximal ideal. A field is a commutative local ring with a unique maximal
ideal {0}. If R is a commutative local ring with maximal ideal M , then the
quotient ring R/M is a field called the residue field ; moreover, R× = R \M .
It is well known that a finite commutative ring R can be decomposed as
R = R1 × R2 × · · · × Rh, where Rα is a finite local ring for all α. The ring
R is always equipped with a class of projections ρα : R → Rα for each α ∈
{1, 2, . . . , h} such that x = (ρ1(x), ρ2(x), . . . , ρh(x)) for x ∈ R. Furthermore,
R× = R×

1 ×R×
2 × · · ·×R×

h . For more information on commutative rings, see
[5].

A free linear code of Rn over R is a free submodule of the R module Rn;
i.e., a submodule with a basis. The number of vectors on a basis of a free
linear code X is called the rank of X . If R is a field, then free linear codes
coincide with subspaces and the rank of a free linear codes is its dimension.
Note that the R module Rn possesses a basis {~e1, ~e2, . . . , ~en}, where ~ei =
(ei1, ei2, . . . , ein) ∈ Rn, where eii = 1 and eij = 0 for all i 6= j. We therefore
call ~e1, ~e2, . . . , ~en the standard basis vectors. The number of r-dimensional
linear codes of Fn

q of is given by [ nr ]q =
∏r−1

i=0
qn−qi

qr−qi
. We call [ nr ]q the Gaussian

coefficient. Moreover, we can prove that [ nr ]q = [ n
n−r ]q. This number of linear

cods of Fn
q is generalized to the case over finite commutative rings as follows:

Lemma 2.1. [6] Let R be a finite commutative ring decomposed as R =
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R1 × R2 × · · · × Rh, where Rα is a finite local ring with maximal ideal Mα

and residue field of order qα for all α.

1. X is a free linear code of Rn of rank r if and only if ρα(X) is a free
linear code of Rn

α of rank r for all α ∈ {1, 2, . . . , h}.

2. The number of free linear codes of Rn of rank r is
∏h

α=1 |Mα|
nr−r2 [ nr ]qα.

3 Main results

In this section, we present the number of free linear codes of Rn with a given
number of standard basis vectors when R is an arbitrary finite commutative
ring. We need some lemmas.

Lemma 3.1. [7] Let R be a finite commutative local ring with maximal ideal
M , residue field of order q, and natural map π : R → R/M given by r 7→
r +M . Suppose that {i1, i2, . . . , ik} ⊆ {1, 2, . . . , n} is a set of indices of size
k.

1. If X is a free linear code of Rn of rank r containing standard basis vec-
tors ~ei1 , ~ei2 , . . . , ~eik , then π(X) is a linear code of (R/M)n of dimension
r containing standard basis vectors ~ei1 , ~ei2 , . . . , ~eik .

2. Any linear code of (R/M)n of dimension r containing standard basis
vectors ~ei1 , ~ei2, . . . , ~eik can be lifted to |M |(n−r)(r−k) free linear codes of
Rn of rank r containing standard basis vectors ~ei1 , ~ei2 , . . . , ~eik .

3. The number of free linear codes of Rn of rank r containing standard
basis vectors ~ei1 , ~ei2, . . . , ~eik is given by |M |(n−r)(r−k)

[

n−k
n−r

]

q
.

Lemma 3.2. Let R be a finite commutative ring decomposed as R = R1 ×
R2 × · · · × Rh, where Rα is a finite local ring with maximal ideal Mα and
residue field of order qα. Suppose that {i1, i2, . . . , ik} ⊆ {1, 2, . . . , n} is a set
of indices of size k.

1. A free linear code X of Rn of rank r contains standard basis vectors
~ei1 , ~ei2 , . . . , ~eik if and only if a free linear code ρα(X) of Rn

α of rank r
contains ~ei1 , ~ei2 , . . . , ~eik for all α ∈ {1, 2 . . . , h}.

2. The number of free linear codes of Rn of rank r containing standard
basis vectors ~ei1 , ~ei2, . . . , ~eik is given by

h
∏

α=1

|Mα|
(n−r)(r−k)

[

n− k
n− r

]

qα

.
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Proof. (1) Lemma 2.1 implies that X is a free linear code of Rn of rank r if
and only if ρα(X) is a free linear code of Rn

α of rank r for all α ∈ {1, 2, . . . , h}.
For a standard basis vector ~ei ∈ Rn, we have ~ei = (ρ1(~ei), ρ2(~e2), . . . , ρh(~ei)).
Thus, a free linear code X contains standard basis vectors ~ei1 , ~ei2, . . . , ~eik in
Rn if and only if a free linear code ρα(X) of Rn

α contains ~ei1 , ~ei2 , . . . , ~eik in
Rn

α for all α ∈ {1, 2 . . . , h}.
(2) For R = R1×R2×· · ·×Rh where Rα is a finite local ring, Lemma 3.1

implies that the number of free linear codes of Rn
α containing ~ei1 , ~ei2 , . . . , ~eik

is given by |Mα|
(n−r)(r−k)

[

n−k
n−r

]

qα
for any α ∈ {1, 2, . . . , h}. By (1), the

number of free linear codes of Rn of rank r containing standard basis vectors
~ei1 , ~ei2, . . . , ~eik is given by

∏h

α=1 |Mα|
(n−r)(r−k)

[

n−k
n−r

]

qα
.

The previous lemma provides the number of free linear codes of Rn con-
taining the given k standard basis vectors. These codes may contain addi-
tional standard basis vectors. To obtain the number of free linear codes of
Rn of rank r containing exactly k arbitrary standard basis vectors, we finally
apply the Inclusion-Exclusion principle [4] and obtain the desired number in
the following main theorem.

Theorem 3.3. Let R be a finite commutative ring decomposed as R = R1×
R2 × · · · × Rh, where Rα is a finite local ring with maximal ideal Mα and
residue field of order qα. Then the number of free linear codes of Rn of rank
r containing exactly k standard basis vectors is equal to

r
∑

i=k

(

(−1)i−k

(

i

k

)(

n

i

)

(

h
∏

α=1

|Mα|
(n−r)(r−i)

[

n− i
n− r

]

qα

))

.

Proof. For any set I ⊆ {1, 2, . . . , n} of indices, we let DI be the number of
free linear codes of Rn of rank r containing the standard basis vectors ~ei for
all i ∈ I. By the Inclusion-Exclusion principle [4], the number of free linear
codes of Rn of rank r containing exactly k standard basis vectors is described
by

m
∑

i=k



(−1)i−k

(

i

k

)

∑

I⊆{1,2,...,n},|I|=i

DI



 .

Note that we have
(

n

i

)

such sets I of size i. Lemma 3.2 shows that if I is of
size i, then

DI =

(

h
∏

α=1

|Mα|
(n−r)(r−i)

[

n− i
n− r

]

qα

)

.
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The number of free linear codes of Rn of rank r containing exactly k standard
basis vectors is therefore given by

r
∑

i=k

(

(−1)i−k

(

i

k

)(

n

i

)

(

h
∏

α=1

|Mα|
(n−r)(r−i)

[

n− i
n− r

]

qα

))

,

as desired.
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