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Abstract

It is known that if S is a regular semigroup or a regular ordered
semigroup, then the quasi-ideals and the bi-ideals of S coincide. The
converse does not hold in general [4]. The purpose of this paper is
to show that the results mentioned are true for hypersemigroups and
ternary hypersemigroups.

1 Introduction

A non-empty set S together with a binary operation - on S, denoted by xy
for any =,y in S, is called a semigroup if x(yz) = (xy)z for any z,y,z in S.
For non-empty subsets A and B of a semigroup S, the product AB is defined
to be a subset of S such that AB = {ab | a € A,b € B}. A non-empty subset
@ of a semigroup S is called a quasi-ideal (of S) if QSNSQ C @, and a non-
empty subset B of S is called a bi-ideal (of S) if BB C B and if BSB C B.
Observe that every quasi-ideal of S is a bi-ideal of S, and a bi-ideal of S
need not be a quasi-ideal of S. An element a of a semigroup S is said to
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be regular if a = azxa for some x in S, and S is said to be regular if every
element of S is regular. It is known that if S is a regular semigroup, then the
quasi-ideals and the bi-ideals of .S coincide, and the converse statement does
not hold in general. It is also known that the results on any semigroup men-
tioned before are also true for any ordered semigroup. An ordered semigroup
(S, -, <) consists of a semigroup (.S, -) together with a partial order < on S
that is compatible with the semigroup operation. That is, for any x,y, z in
S, if x <y, then zzx < zy and xz < yz. A non-empty subset @ of an ordered
semigroup S is called a quasi-ideal of S if (QS) N (SQ) C @ and for any x
in @ and y in S, if y < z, then y € Q). A non-empty subset B of S is called
a bi-ideal of S ift BB C B, BSB C B, and for any = in B and y in S, if
y < x, then y € B. Observe that every quasi-ideal of S is a bi-ideal of S, and
a bi-ideal of S need not be a quasi-ideal of S. An element a of an ordered
semigroup S is said to be reqular if a < axa for some z in S, and S is said to
be regular if every element of S is regular. It is known that if S is a regular
ordered semigroup, then the quasi-ideals and the bi-ideals of S coincide, and
the converse statement does not hold in general [4].

Algebraic hyperstructures have been studied extensively and several ap-
plications have also been investigated [1], [2].

The purpose of this paper is to show that the known results mentioned
above are also true for hypersemigroups and for ternary hypersemigroups.

2 On hypersemigroups

Let S be a non-empty set and let P(S5) denote the set of all subsets of S. A
mapping o : S x S — P(S)\ {0} is called a hyperoperation on S, and a pair
(S,0) is called a hypergroupoid. For non-empty subsets A and B of S, let

AoB=U{aob|a€ A bec B}.
If z € S, we write Aox for Ao {z} and write z o A for {z} o A.

A hypergroupoid (S, o) is said to be a hypersemigroup if
zo(yoz)=(rxoy)oz
for any x,y,z in S. That is,

U zow= | ve:

weYoz veToy
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for any x,y, z in S.

A non-empty subset () of a hypersemigroup S is called a quasi-ideal (of
S)if (QoS)N(SoQ) C @, and a non-empty subset B of S is called a bi-ideal
of Sif BoB C B and if BoSo B C B. Observe that every quasi-ideal of S
is a bi-ideal of S. Indeed, if @) is a quasi-ideal of S, then

QoQC(QoS)N(S0Q)CQand QSQC (QoS)N(S0Q) C Q.

Hence @ is a bi-ideal of S. An element a of a hypersemigroup S is said to
be reqular if a € a o x o a for some x in S, and S is said to be a regular
hypersemigroup if every element of S is regular.

Theorem 2.1. If (S,0) is a regular hypersemigroup, then the quasi-ideals
and the bi-ideals of S coincide.

Proof. Assume (S, 0) is a regular hypersemigroup. Let B be a bi-ideal of S.

To show that (BoS)N(SoB) C B, let z € (BoS)N(SoB). By assumption,
there exists y € S such that x € x oy o x. This implies

r€(BoS)oSo(SoB)C BoSoBCB.

Therefore, B is a quasi-ideal of S. Hence the quasi-ideals and the bi-ideals
of S coincide. O

Remark 2.2. The converse of Theorem 2.1 does not hold in general as the
following example shows.

Example: Let S = {a,b, ¢, d, e} be a hypersemigroup with a hyperoperation
defined by:

b

C

d

O QUL O Q|0

{a}
{b. e}
{a}
{d,b, e}
{e}

{b,e}
{b,e}
{b, e}
{b, ¢}
{e}

{c.a}
{b. e}
{c,a}
{d,b, e}
{e}

{b,e}
{b,e}
{b, e}
{b, e}
{e}

{b,e}
{b,e}
{b, e}
{0, ¢}
{e}

Since d is not regular, we have that S is not regular. The quasi-ideals of
S are {e}, {b,e},{a,b, e}, {a,b,c,e},{b,d,e},{a,b,d, e}, S. The bi-ideals and
the quasi-ideals of S coincide.
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3 On ternary hypersemigroups

Let T be a non-empty set and let P(7") denote the set of all subsets of H.
Amap f: TxT xT — P(T)\ {0} is called a ternary hyperoperation on T,
and (T, f) is called a ternary hypergroupoid. For non-empty subsets A, B,

and C of T, the set product f(A, B,C) is defined by:
f(A,B,C)=U{f(a,b,c) e P(T)\ {0} | a€ A,be B,ce C}.

For example, we write f(A, B, z) for f(A, B,{z}), f(A,y,z) for f(A,{y},{z}),
and f(z, B,C) for f({z}, B,C).

A ternary hypergroupoid (7', f) is called a ternary hypersemigroup if

f(f(z1, 29, 23), 04, 05) = [0, f(22, 3, 74), 75) = f(21, T2, f(23, 74, 75))

for any x4, o, x3, 24, x5 in T [5]. A non-empty subset H of a ternary hyper-
semigroup 7T is called a ternary subhypersemigroup of T'if f(H,H, H) C H. A
non-empty subset I of a ternary hypersemigroup 7' is called a left (resp. right,
lateral) ideal (of T') if f(T,T,1) C I (vesp. f(I,T,T) C I, f(T,1,T) C I).
Observe that f(a, T,T)Ua (vesp. f(T,a, TYUf(T,T,a,T,T)Ua, f(T,T,a)Ua)
is a left (resp. right, lateral) ideal of T'. For non-empty subsets X7, X, X3,
X4, X5 of T', we have that

f(f(X1>X2>X3)>X4>X5) = f(X17 f(X27X3aX4)>X5) =
f(Xq1, X, f(X5, X4, X5));

then we write

f(Xla X27 X37 X47 X5)
for f(f (X1, X2, X3), X4, X5). A non-empty subset @) of a ternary hypersemi-
group T is called a quasi-ideal (of T') if

FQT,T)n(f(T,QT)U f(I'T,Q,T,T) N f(T,T,Q) € Q.

This is equivalent to

FQT,T)n f(T,Q,T)n f(T,T,Q) € Q

and

fQIT)Nf(T,T,Q,T,T)n f(T\T,Q) € Q.

A non-empty subset B of a ternary hypersemigroup 7 is called a bi-ideal
(of T) if f(B,B,B) C B and if f(B,T,B,T,B) C B. Observe that every
quasi-ideal is a bi-ideal. Indeed, if ) is a quasi-ideal, then
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fQQ,Q) CfQT.T)NAT,QT)Nf(T,T,Q) € Q and
fQT,QT.Q)C f(QT,T)nf(I,T,Q.T.T)N f(T,T,Q) € Q.

Hence @ is a bi-ideal. An element a of a ternary hypersemigroup 7' is said
to be regular if a € f(a,z,a,y,a) for some x,y in T, and T is said to be a
reqular ternary hypersemigroup if every element of T is regular.

Theorem 3.1. A ternary hypersemigroup (T, f) is reqular if and only if
f(R,M,L) = RNMNL for any right ideal R, lateral ideal M, and left ideal
L of T.

Proof. Assume that f(R,M,L) = RN M N L for any right ideal R, lateral
ideal M, and left ideal L of T'. Let a € T'. Setting R = f(a,T,T)Ua, M =
f(Ta,TYU f(T,T,a, T, T)Ua,L = f(T,T,a) Ua. Thena € RNMNL =
f(R,M,L). We have a € f(f(a,T,T)Ua, f(T,a,T)U f(T,T,a,T,T) U
a, f(T,T,a) Ua) C f(a,T,a). So a € f(a,T,a), and hence there exists an
element = € T such that a € f(a,z,a). This implies that a is regular and
hence T' is regular.

Assume T is a regular ternary hypersemigroup. Let R, M and L be a
right ideal, a lateral ideal and a left ideal, respectively. Then f(R, M, L) C
RNMNL. Let a € RN M N L. By assumption, we have a € f(a,z,a) for
some z € T. We have a € f(a,z,a) = f(f(a,z,a), f(x,a,x), f(a,z,a)) €
f(R,M,L). Thus ROMNL C f(R,M,L). So f(R,M,L)=RNMnNL. O

Theorem 3.2. Let (T, f) be a regular ternary hypersemigroup and @ a non-
empty subset of T. Then Q is a quasi-ideal if and only if f(Q,T,Q,T,Q)N

f(Q’T7T? Q?T? T? Q) g Q'

Proof. Assume f(Q,T,Q,T,Q)N f(Q,T,T,Q,T,T,Q) C Q. Consider

QT.T)N(f(T,QT)VT,T,QT,T)Nf(T,T,Q)
f(Q7T7 T)7 (f(T7 Q’ T) U f(T7 T7 Q7T7 T))7 f(T7 T7 Q)
Q.T.7,7,Q,T,7,7,Q) U f(Q,T,T,T,T,Q,T,T,T,T,Q)
Q7T7 Q7T7 Q) U f(Q?T? T? Q7T7T7 Q)

f
f
f
f

A~~~ I/~

C
C

0.

Therefore, () is a quasi-ideal. Conversely, if () is a quasi-ideal, then
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fQ,T. )N f(T,Q, T)N f(T,T,Q) C Q. Consider

f(Q?T7 Q?T7 Q) m f(Q?T? T? Q7T7T’ Q)

N 1N 1N

Q.

fQT.T.Q1T7TQ)
FRQITT)NFT,QT)Nf(T.T,Q)

We have f(Q,T,Q,T,Q)N f(Q,T,T,Q,T,T,Q) C Q.

Theorem 3.3. If (T, f) is a reqular ternary hypersemigroup, then the quasi-
ideals and the bi-ideals of T coincide.

0

Proof. 1If B is a bi-ideal, then f(B,T,B,T,B)N f(B,T,T,B,T,T,B) C B.
Consequently, by Theorem 3.2, B is a quasi-ideal.

O

Remark 3.4. The converse of Theorem 3.3 does not hold in general as the

following example shows.

Example: Let 7"

hyperoperation f defined by:

fl a b c d e fl a b c d e
aa | {a} | {a} |{a} | {a} [{a}  ba|{a}|{a}|{a}|{a}|{a}
ab | {a} | {a} | {a} | {a} | {a}  bb|{a}|{a}|{a}|{a}|{a}
ac | {a} | {a} | {a} | {a} | {a}  bc|{a} |{a}|{a}|{a}|{a}
ad | {a} [ {a} | {a} | {a} | {a}  bd|{a} |{a}|{a}|{a}]|{a}
ae | {a} [{a} | {a} [{a} [{a}  be|{a} |{a}|{a} |{a}]|{a}
fl a b c d e
ca|{a} | {a}| A{a} |{a}| A{a}
cb | {a} |{a}| {a} |{a}| {a}
cc|{a} | {a} | {a,b,c} | {a} | {a,b,c}
cd|{a} | {a}| {a} |{a}| {a}
ce | {a} | {a} | {a,b,c} | {a} | {a b c}
f a b c d e
da | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d}
db | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d}
de | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d}
dd | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d}
de | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d}

{a,b,c,d, e} be a ternary hypersemigroup with a ternary
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f a b c d e
ea | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d}
eb | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d}
ec | {a,b,d} | {a,b,d} T’ {a,b,d} T
ed | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d} | {a,b,d}
ee | {a,b,d} | {a,b,d} T’ {a,b,d} T’

Since b is not regular, we have that 7" is not regular. The quasi-ideals of T”
are {a}, {a,b},{a,b,c},{a,b,d},{a,b,c,d}, T". The bi-ideals and the quasi-
ideals of T" coincide.

Remark 3.5. The results in this section hold true for any ternary semigroup

[3].

Example: Let 7" = {a,b,c,d, e} be a ternary semigroup with a ternary
operation f defined by:

flalblc|d]e flalblc|d]|e

aa|la|blclale ba|b|lc|b|b|b

ab|b|c|b|bl|b bblc|blc|c|c

aclc|blc|clc bc|blc|b|b|b

ad |a|bl|clale bd|blc|b|b|b

ae |clblc|lc|c be | blc|b|b|b
flalb|c|d]|e flalblc|d]|e fla|lblc|d]e
calc|blclc|c dald|blc|d]e ea|lclb|lc|clc
ch|blc|b|bl|b db|b|lc|b|bl|b eb|blc|b|bl|b
cclce|blcelcelc dclc|blc|clc eclclblc|lc|c
cd|lclblc|lc|c dd|d|blc|d]|e ed|c|blclc|c
celc|lblclc|ec delc|blclc|c eelc|blclc|c

Since e is not regular, we have that 7" is not regular. The quasi-ideals of T"”
are {ba C}v {CL, bv C}v {b7 &) d}v {CL, ba ¢, d}7 {bv ¢, 6}7 {av b7 Cy 6}7 {b7 Gy da 6}7 T". The
bi-ideals and the quasi-ideals of T" coincide.
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