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Abstract

We develop the notion of a generalized inverse of a linear relation
and obtain lower bounds for the minimum modulus of such inverses
which arise out of certain perturbations. These lower bounds are used
to obtain norm bounds for such generalized inverses.

1 Introduction

Let H; and H, be Hilbert spaces over the same field of scalars and consider
the fundamental problem of solving the multivalued operator inclusion b €
Tx where b € Hy and T : H; — H, is a multivalued operator with closed
range. In the event that this inclusion has no solution z, it is still possible
to assign the best possible solution to the problem. In such a case, it is
reasonable to consider as a generalized solution of this inclusion any solution
uw in Hy of the inclusion Pb € Tx where P is the projection of Hy onto the
range of 7. Another natural approach to assigning generalized solutions to
the inclusion b € Tz is to find a v € H; which comes closest to solving
this inclusion in the sense that dist (b, Tu) < dist (b, Tx) for any x in the
domain of 7. We consider such generalized solutions and use them to develop
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the theory of generalized inverses for multivalued operators, including norm
bounds for such inverses arising out of small perturbations.

In all that follows,H, H,, and H, will be Hilbert spaces and any linear
subset T of Hy x Hy will be called a linear relation (or a multivalued linear
operator) from H; to Hy. We say that T is closed if it is closed as a subspace
of Hy x Hy. The domain D(T), range R(T), null space N(T), and graph
G(T) of a linear relation T are defined by

D(T):={x € Hy: (z,y) € T for some y € Hy},
R(T):={y € Hy: (z,y) € T for some x € H},
N(T):={xe D(T):(z,0) €T},

G(T):={(z,y) € HH X Hy : z € D(T) and (x,y) € T}

If z € D(T) we define Tx to be the set Ta :={y € R(T) : (z,y) € T} and
G(TY :={(y,x): (x,y) € G(T)}. Hence N(T) =T *(0).
Let LR (Hy, Hsy) and CLR (Hy, Hs) denote the collection of all linear re-

lations and that of closed linear relations from H; to Hj respectively. Then
T € LR (H,, Hy) if for any z,z € D(T) and any nonzero o € C,

Te+Tz=T(x+2z2) and oTzx=T(ax),

where these equalities are understood to be set equalities. It is well known
that if 7 € LR (H,, Hy) then y € T (z) if and only if 7(z) = 7(0) +y [1].
For S, T € LR (Hy, H,), we define (T +S)x :={y+z2:y € Tz, z € Sz}.

By By we mean the set By := {z € H : ||z|| < 1}. For a closed linear
subspace E of H, we denote by Qg the natural quotient map with domain
H and null space E. For T € LR (Hy, Hy), we shall denote QW by Qr. It
is well known that for 7 € LR (H;, Hs), the operator Q77 is single valued
[1]. For T € LR(Hi, Hsy), we set ||[Tz| = ||QrTx| for x € D(T) and
IT| = |Q7T||. We say that T is bounded if ||7]| < oo and denote the
collection of all such 7 by BLR (Hy, Hy). We note that if 7(0) D S(0) then
[T+ Sxf| = || T=| — |Sz| [5].

If x is an element of H and M is a closed linear subspace of H, then the
distance dist(x, M) between x and M is defined by dist(x, M) = ylél]\f/[ |z —yl].

If Py is the orthogonal projection of H onto M, then dist(x, M) = ||x— Pyx||.
The quantity (7)) = inf {||Tz[| : z € D(T) N N(T)*, ||z|| =1} is called
the minimum modulus of the linear relation 7. Note that v(QT) = v(T) for
T € CLR (H,, Hy) (1] and that (7)) > 0 if and only if R(T) is closed [5].
Let H' denote the collection of all bounded linear functionals on a Hilbert
space H. For M C H,let M" := {f € H: f(m) =0 for all m € M} and
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let M+ :={xe H:(x,m)=0forallme M}.If T € LR(H,, Hy) and we
view H; and H, as Banach spaces, then we define the Banach space adjoint
T of T to be T" € LR(H), H}) defined by

(f,9) € G(T") if and only if f(y) = g(x) for all (z,y) € G(T).
The Hilbert space adjoint 7" of T is defined by
(h,k) € G(T") if and only if (y, h) = (x, k) for all (z,y) € G(T).
We see that for T € LR (Hy, Hy), T'(0) = D(T)", 7*(0) = D(T)", and
N(T*) = R(T)*. N R
Let Hy := H}/T'(0) and Hy := Hy/T*(0) and consider the cosets f, :=

f-+T'(0) and Z := 2 + T*(0), where z € Hy and f, € H)} are related by
f.(x) = (x, z) for z € Hy. We observe from

wez & w—zeT0) & (r,w—2)=0Vr e D(T)
& (r,w) = (x,2) Vo € D(T) & fo(x) = f.(x) Yz € D(T)
g (fw_fz)(x):vaED(T)ﬁfw_fzGD(T)T:T/(O)
& fu€f.
that f, € J/C\Z if and only if w € Z.

Lemma 1.1. Let T € LR (Hy, Hy) be closed and bounded. Then the equali-
ties v (T') =~ (T*) and || T"|| = || T*|| hold.

Proof. Let f. and Z be the cosets defined above. The equality I =1zl
and the observation that f,, € J/C\Z if and only if w € Z imply that ‘ ]?ZH =Z]|.

If w, z € Hy then we have that f,(y) = f.(z) for all (z,y) € G(T) if and only
if (y,w) = (x,2) for all (x,y) € G(T). It therefore follows that f, € T"f,, if

o~

I

and only if z € T*w. This observation together with the equality = ||Z]|

imply that for any z € Ho,
Q7T fo|| = 1QrT* 2|l and sup ||Q7T'f.|| = sup [QrT*2[. (1.1)
f-€D(T") z€D(T™)
I£2l1=1 l2ll=1

The first and second equalities in the lemma then follow from the first and
second equalities in (1.1). O

See [1, Theorems II. 3.2 III. 1.4, III. 4.6] for the equalities.
T*(0)=D(T)", D(T*)=TO) A(T)=~(T), &TII =T
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Lemma 1.2. [2] Let H; and Hy be Hilbert spaces and let T : Hy — Hy be
a bounded linear operator having closed range. Then there exists a constant
m > 0 such that | Tz| > ml||z|| for all x € N(T)*, where N(T) denotes the
null space of T.

2 Main results

2.1 The generalized inverse of a bounded linear rela-
tion
Theorem 2.1. Let T € BLR(Hy, Hs) be such that R(T) is closed and let

P denote the projection of Hy onto R(T). Let b € Hy. Then the following
conditions on u € Hy are equivalent.

(i) Pb e Tu, (i) ||z — bl| = dist (b, R(T)) ¥z € Tu, (i) T*Tun T*b # 0.

Proof. (i)—>(ii): Suppose that Pb € Tu. Since Pb—b € R(T)*, we see that
for any y € R(T),

ly = blI* = lly = POlI* + [|1Pb — bl|* > ||Pb — b||*
= ||z —b||* (where z = Pb € Tu).

Equality in (ii) then follows from the definition of dist (b, R(7)) and the fact
that z € Tu C R(T).

(il)—=>(iil): Suppose that ||z — b|| = dist (b, R(T)) for some z € Tu. Since
Pb e R(T), it follows that

lz=0* = == PbII* + | Pb = b]* = ||z — Pb||* + ||z — b||*

and that 2 = Pb. Hence 2 —b = Pb—b € R(T)t = N(T*) so that
0 € T*(z—b) =T*2— T*b. This means that T*Tu N T*b # (.

(ili)—(i) If (iii) holds then 0 € T*Tu — T*b. This implies that there exists
an element u' € Tu such that 0 € T*u' — T*b = T*(uv' — b). This means
that 7*(uv' — b) = T7*(0) and that v’ —b € N(T*) = R(T)* and therefore
0= P(u' —b) = — Pb. It therefore follows that Pb € Tu. O

Definition 2.2. A vector w € D(T) which satisfies the equivalent conditions
(i)-(iii) of Theorem 2.1 will be called a least squares solution of the inclusion

be Tx. (2.2)
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Note that since R(T) is closed, a least squares solution of inclusion (2.2)
exists for each b € Hy. If N(T) # {0}, then there are many least squares
solutions of the inclusion (2.2) since if u is a least squares solution then so is
u+ v for any v € N(T).

Lemma 2.3. The set M = {u : u is a least squares solution of b € Tx} is
closed and convex for every T € BLR (Hy, Hs).

Proof. To show that M is convex, let a € [0,1] and let u;,us € M. The
linearity of 7 implies that

T (quy + (1 —a)ug) = T (aur) +T (1 — a)ug) = aTuy + Tug — aTus
> aPb+ Pb— aPb= Pb,

showing that au; + (1 — a)us € M and that M is convex. To show that M
is closed, let (u,) be a sequence in M such that u,, - u € D(T). Then

QT un — QTull = [|QT (un — u)l| = [|T (un — u)]

< T n — ul] — 0 as n — co.

Since Pb € Tu, VYn, we see that QT u, = Q(Pb) = lim QT u, = QT u, that
n— oo

is, QT (u, — u) = 0. It follows from here that for each n € N, Tu,, — Tu =
T (up, —u) = T(0). This means that Tu, N Tu # 0. Hence Tu, = Tu for
each n € N. The result then follows immediately. O

We would like to invert 7 € BLR (H1,Hz), by associating each b € Hy with
some uniquely determined least squares solution v € H;. By Lemma 2.3, the
set M of all least squares solutions of the inclusion (2.2) is closed and convex
and therefore has a unique element of minimal norm. We use this vector of
minimal norm to define the generalized inverse of T .

Definition 2.4. Let T € BLR (H1,Hz) be such that R(T) is closed. The
relation T from Hy to Hy defined by

T =u+ T 0) (2.3)

where u is the least squares solution of minimum norm of the inclusion (2.2)
is called the generalized inverse of T .

Theorem 2.5. Let T € BLR (Hy, Hs) be such that R(T) is closed. Then

R(TH) cN(T)". (2.4)
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Proof. Let b € Hy and let z € TTh. Then 2z = u + v where v € 7-1(0) and
u=1uy +uy € N(T)t @ N(T) is the least squares solution of the inclusion
b € Tx of minimal norm. From the definition of 77, we see that

PbeTu="T (u1 +u2) =Tus +Tus=Tu +T (0) = Tuy.

This shows that u; is a least squares solution of (2.2). If us # 0, then
lurl]? < |Juil|®* + ||uzl|> = [Jul|?, contradicting the fact that u is the least
squares solution of minimal norm. Hence u = u; € N (7). O

Corollary 2.6. Let T € BLR (Hy, Hy) be such that R(T) is closed. Then
Tt € BLR (Hy, Hy).

Proof. Let TTby = uy + 7 1(0) and TTby = ug+ T 1(0) where by, by € Ho
and u; and usy are least squares solutions (of minimal norm) of the inclusions
by € Tx and by € Tx respectively. It follows from the linearity of 7-1(0) that
uy € T1b; and that uy € Thy. Since u; and usy are least squares solutions of
the inclusions b; € Tz and by € T respectively, it follows that Pby € Tu
and that Pby € Tuy. Hence

P(b1—|—b2):Pb1+Pb2GTU1+TU2:T(U1+U2). (25)

Let 77 (by +by) = w + T 1(0) where w is the least squares solution of the
inclusion b; + by € T x of minimum norm. Then

It follows from (2.5) and (2.6) that 7 ([u1 + us] —w) = T(0) and so, u; +
us —w € N(T). Since uy +us —w € R(TY) C R(T*) = N(T)™, it follows
that u; + uy — w = 0, that is, u; + us = w. This equality together with the
linearity of 7-1(0) imply that 770y + T by = T (by + by).

We now consider the vector ab where b € H, and « is an arbitrary but
fixed scalar. Let

T (ab) = v+ T 0) (2.7)

where v is a least squares solution of minimal norm to the inclusion ab € T z.
Then

aPb= P(ab) € Twv. (2.8)

Similarly, let
TH(b) =s+T70) (2.9)
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where s is a least squares solution of minimal norm to the inclusion b € Tz.
Then
Pbe Ts. (2.10)

The linearity of T together with (2.10) imply that
aPb e T (as). (2.11)
From (2.8) and (2.11), we conclude that 7 (v — as) = 7(0) and that
v—aze N(T). (2.12)
Since v — az € N(T)+, (2.12) implies that v — az = 0, that is,
v =az. (2.13)
Combining (2.7), (2.9), and (2.13) we obtain
TiHab) =v+ T 10) =av+ T 10) = aT'(b),

which completes the prove that 7T is linear.

For boundedness, we first note Q77 is a bounded linear operator with
closed range since 7T is linear and bounded with closed range. Let 7Tb =
u+ T1(0) where b € Hy. Since u € T'b € R(TT) and N (QrT) = N(T),
we see from Lemma 1.2 and Theorem 2.5 that there exists a constant o > 0
such that

1Q7Tull > alul. (2.14)

Since ||u|| > ||u]| where u = w + N(T) is the quotient class of u in the
complete space Hy/N(T) = H,/T(0), we see from (2.14) that

1Q7Tull > al|Qrul = al|Qr T b,

that is, [|Q7Tu| > «||Qp+T7'b||. Since Pb € Tu, it follows that ||b] >
|1Pb]| > |Q7Tul| > al|Q+TTh||, and hence T is bounded. O

Lemma 2.7. LetT € BLR(H,, Hy). If R(T) is closed, then T" € BLR (H,, H;)
is a generalized inverse of T if and only if

Tz =w+T0) forw € N(T)*ND(T)andall z € Tw  (2.15)

and

Tly=T-10) = N(T)  forye R(T)*. (2.16)
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Proof. Suppose that (2.15) and (2.16) hold and let b € H, with decomposi-
tion

b=u+veRT)®R(T)" (2.17)

Then
Tb =T+ Tv=Tu+T 40). (2.18)

Since u € R(T), u € T (uy + ug) for some u; € N(T)*+ and uy € N(T), it
follows from 7 (u; + ug) = Tuy + Tug = Tug + T(0) = Tuy that

u € Tuy for some u; € N(T)*. (2.19)
It therefore follows from (2.15), (2.18) and the linearity of 7-*(0) that
T =Tu+T710) =u + T 0). (2.20)
Equality (2.17) and inclusion (2.19) imply that
Pb e Tu, (2.21)

and that u; is a least squares solution of the inclusion b € Tz. It remains
to show that wu is the least squares solution of minimal norm. To do this,
assume that z is another least squares solution of the inclusion b € Tx.
Then z —u; € N(7) and so uy L (2 —wy). It therefore follows from z =
uy + (2 — u1) and that |Juq|| < |lua|| + ||z — u1|| = ||2]]. This shows that wu; is
the least squares solution of the inclusion b € 7z of minimal norm and that
T is the generalized inverse of T.

Now, assume that 7T is the generalised inverse of 7. If y € R(T)* then
Py =0 € T(0) and therefore TTy = 0+ 7 ~*(0) = T*(0) since 0 is the least
squares solution of the inclusion y € 7Tz of minimal norm. Hence, (2.16)
holds. Now, suppose that w € N(T)*N D(T) and let 2 € Tw. Then

Tz =v+T7740) (2.22)

where v is the least squares solution of the inclusion z € 7z of minimal norm.
Since z € R(T) and v is a least squares solution of the inclusion z € Tz, it
follows that z € Twv. Since z € Tw and z € Tv, we see that

w+ T H0) =T () =v+ T 0). (2.23)

It follows from (2.22) and (2.23) that 7'z = w + 7 '(0) so that (2.15)
holds. O
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Lemma 2.8. Let T € CLR (Hy, Hs) be such that 0 < (T ) < co. Then the
equality H’TTH =~(T)~! holds.

Proof. Let D(T) = N(T): N D(T). The definition of T together with
Lemma 2.7 imply that

I7) = e 7ll= e 7= e e
yEH2, |lyll=1 yER(T), |lyl=1 z€R(T), ||z]|#0 [ 2]]
dist (w,N(T)) [Jw]|
T owed H " osweny | mE |2+ 2ol
g e LaoeT(0)
—1
-1
= sup {_Hw” }:( inf {—HTMH}> = inf || 7z
02wen(T) UIITw] 0£wed(T) | [Jwl] 2€D(T)
=1
= ~y(T)"

2.2 Norm bounds for the generalized inverse

In this section we establish norm bounds for the generalized inverse of a
perturbed linear relation. For subspaces M and N of a Hilbert space H,
define Sy by Sy = { € M : ||z|| = 1} and consider the quantities
(M, N) = sup,g,, dist(z, N), S(M, N) = sup,cg,, dist(z, Sy), and

or(M,N)= sup dist(z, D(T)NSy).
SCED(T)QS]\/[
We see from the inequality dist (z, Sy) < 2 dist (z, W), which holds for all

z € Sy [4], that the inequalities 07(M, N) < 2 67(M,N) and 8(M,N) <
26(M, N) also hold.

Lemma 2.9. Let Hy, Hy be Hilbert spaces and let S, T € CLR (Hy, Hs) be
such that D(S) > D(T), S(0) C T(0), and 0 < v(T) < oo. Consider the
perturbation T =T + & of T by S. Then

WT) = AT) =2 T8 (R(T), R(T)) = S| (2:24)

and

WT) 2 AT) = 2IT18 (N(T), N(T)) = S|l (2:25)
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Proof. To prove (2.24), we first note that D(S*) D D(7*) and $*(0) C 7*(0)
since D(S8*) = 8(0)%, D(T*) = T(0)* and §*(0) = D(S)*, T*(0) = D(T)*.
Let 2(T) := D(T) N Sn¢ryr and let z € 2(T*). Then given ¢ > 0, there
exists w € 2(T*) such that ||z — w|| < dist (2, 2(T*)) + . Note that
P(T*) :== D(T*) N Sn(+)+ is nonempty since 0 < 7(T) = v (T*) < oo and
so D(T*) ¢ N (T*). Hence

772 [T (w + 2 —w)| = |T"w + T (2 = w)]|
[T wl =T (z = w)l| 2 5(T) = IT7(z = w)|
V(T = 1Tz = w)|| 2 ~(T) = [T [dist (2, 2(T™)) + €

(AVARAVARNI

Since € > 0 is arbitrary, it follows that

172 = A7) = |17 ldist (2, 2(T"))]
> A(T) = T sup {dist (2, 2(T"))}
2€D(T™)
> () = IIT)| 85 (N(T)*, N(T*)*) , since D(T*) = D(T")
> AT) = 1711 8- (N(T)5, N(T) )
> ()= 2T 8 (N(T)4 N(T))
= (T) =271l 8 (R(T), R(T)) (2:26)

and therefore

(T

WT) = it [T = inf T+ 87
z€D(T™) 2€9(T™)

> inf {77 - 87} > it (1T - (1S
2€9(T*) 2€9(T*)
> A(T) =2 T 6 (R(T), R(T)) by (2.26)

= (T) = 2|11l 8 (R(T). R(T)).

Inequality (2.25) can be proved in a similar way with the help of the equality
§(M,N) =46 (M=*, N*) [4, IV Theorem 2.9]. O

Let S,7 € CLR (Hl,va) where H; and H, are Hilbert spaces and con-
sider the perturbation 7 = T + S of T by & We consider some norm
bounds for the generalized inverse 71 of 7. For ease of notation, we let

Sy =6 (N(7'), N(T)) and 65 = 0 (R(%), R(T)).
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Theorem 2.10. Let Hy and Hy be Hilbert spaces and let S, T € CLR(H,, H)
be such 0 <(T) < oo, dim N(T) < oo, D(S) D D(T), S(0) C T(0), and
ISI| < ~(T). Consider the perturbation T =T +S of T by S.

) . 7|
) If 208\l + SI| < |77 then | 77| < H |
(i) If 20| T\ + S| < | T7|| ™ then || 77| L 1T x| T + IS
(i) If 205 || + ISI| < | 71| ™" then | 71]] < I |
L—||TH 2w T] + IS]])
u ] ) t
(ii) If either N(T) € N(T) or R(T) C R(T) then || T"|| < %

Proof. First we note that 7 has closed range [5, Theorem 32] and therefore

the generalized inverse 7 as defined by (2.3) exists. The results follow by
y o\ -1

noting that H’TTH = (T) and || 7] = ~(T)™" and using (2.24) to get

(4) and (2.25) to get (). Lastly, inequality (ii7) follows from either (i) or

(74) by noting that if N(7) C N(T) then o5 = 0 and if R(7) C R(T) then

dr = 0 and that [|S|| <~(T) = HTTH_I by hypothesis. O

3 Conclusion

In this paper, we devoted out attention develop the theory of generalized in-
verses of linear relations, paying particular attention to linearity and bound-
edness. Some of our results are generalizations of similar results in the single
valued operator case. Many times one encounters problems in differential
equations and many areas of analysis where linear relations form a basic tool
for developing the necessary theory to study such a problem. For example,
the study of the spectral theory of non-densely defined ordinary differential
operators relies heavily on the theory of linear relations and their adjoints.
Our next focuss is going to be on applying the theory developed here to solve
some problem in other areas mathematics and related fields.
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