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Abstract

Path sampling is used in area population where paths are defined

and sampled from the population. It is a cost saving sampling design

because all units in the sample are observed when surveying. The

purpose of this paper is to propose an alternative estimator for path

sampling by utilizing modified ratio estimator for unequal probability

sampling design. Mean square error of the proposed ratio estimator is

obtained and compared with the classical ratio estimator. The situa-

tions when the proposed ratio estimator is better than the traditional

ratio estimator are theoretically presented.

1 Introduction

Proposed in 2012, Path sampling is a cost-effective and convenient sam-
pling design for a spatial population allowing the researcher to sample all
units along a path traveled during the sampling. The population area is
partitioned into quadrats or units. Then all paths are created with a certain
connected starting and ending units. In path sampling, the paths are selected
from all possible paths in the population by simple random sampling without
replacement (SRSWOR). The unbiased estimator for the population mean
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was proposed in path sampling. In 2021, a ratio estimator for path sam-
pling was introduced by applying the generalized ratio estimator for unequal
probability sampling designs [1].

A ratio estimator is widely created in many sampling designs because
it provides more precision in estimation. There are many research articles
proposing ratio estimators. For instance, Sisodia and Dwivedi [2], Upadhyaya
and Singh [3] , Kadilar and Cingi [4] and Srisodaphol, Kingphai and Tanjai
[5] developed the ratio estimators of a population mean for simple random
sampling. In adaptive cluster sampling, ratio estimators were created by
Chao [6], Dryver and Chao [7] and Chutiman and Chiangpradit [8]. In strat-
ified adaptive cluster sampling, a ratio estimator was proposed by Chutiman
[9]. Furthermore, Bacanli and Kadilar [10] proposed modified ratio estima-
tors for unequal probability sampling design by using the Horvitz-Thompson
ratio type estimators. Therefore, the objective of this research is to pro-
pose an alternative ratio estimator for path sampling in order to obtain more
precision estimation.

2 Path sampling

The rectangular population region is divided into r rows and c columns
forming rc quadrats or units, as shown in Figure 1. The symbol (i, j) refers
to a unit in row i and column j for i = 1, 2, 3, . . . , r and j = 1, 2, 3, . . . , c.
A unit h for h = 1, 2, 3, . . . , N in the population can be represented by a
symbol (i, j) where i = (h mod r)+1 and j = h− (i− 1)c.

Let yh denote the value of the variable of interest of unit h, and the
population mean is

µ =
1

N

N
∑

h=1

yh. (2.1)

A path m is created, as shown in Figure 1, to begin traveling from a unit
(1, j∗) and to go straight on column j∗, then turn left at rowm and go straight
on this row to the end, then go up to row m+ 1 and straight on this row to
the end, then go down to row m and go straight on this row, then turn right
at column j∗ +1, go straight on this column and stop at unit (1, j∗ +1). By
creating a path this way, there are r − 1 paths in the population [11], [1].

In path sampling, p paths are sampled using simple random sampling
without replacement from r − 1 paths in the population. A path sample
can be written as ps = (p1, p2, p3, ..., pp), where pm denotes path m in the
sample for m = 1, 2, 3, . . . , p. Let a = r− 1. The number of all possible path
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Figure 1: Path m traveling from the starting unit (1, j∗) to the ending unit
(1, j∗ + 1)

samples of size p is the number of combinations of p paths from a paths in
the population, denoted as aCp.

Let πh be an inclusion probability of unit h, which is located at row i
and column j and thus may also be denoted as π(i,j) as well, is calculated by
the formula

πh = π(i,j) =











1− i−2Cp/
aCp for (i, j) ∈ H1

1− a−2Cp/
aCp for (i, j) ∈ H2

1− a−1Cp/
aCp for (i, j) ∈ H3

(2.2)

where i = (h mod r)+1, j = h − (i − 1)c, H1, H2 and H3 are sets of units
as follows. H1 = {(i, j) | i = 1, 2, 3, . . . , r and j = j∗ and j∗ + 1} is a set
of units in the starting column j∗ and ending column j∗ + 1. H2 = {(i, j) |
i = 2, 3, . . . , r−1 and j = 1, 2, 3, ..., j∗−1, j∗+2, j∗+3, ..., c} is a set of units
not in column j∗ and j∗ + 1 and not in the first row or the last row. H3 =
{(i, j) | i = 1, r and j = 1, 2, 3, ..., j∗ − 1, j∗ + 2, j∗ + 3, ..., c} is a set of units
in the first and last row.

Let πhl denote the probability that units h and l are included in the
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sample, or the joint inclusion probability, defined as

πhl = πh + πl − (1− gCp/
aCp) (2.3)

where g is the number of paths not containing either units h or l, and g ≥ 0.
Let s be the set of distinct units in path sample ps. The generalized

ratio estimator [1] for path sampling is

µ̂p =
ȳp
x̄p

µx = R̂pµx (2.4)

where ȳp = 1
N

∑

u∈s
yu
πu

and x̄p = 1
N

∑

u∈s
xu

πu
are Horvitz-Thompson type

estimators of the population means of the study and auxiliary variables,
respectively, and R̂p =

ȳp
x̄p
. The approximation of MSE of the estimator µ̂p is

MSE(µ̂p) =
1

N2

[

N
∑

u=1

N
∑

v=1

(
πuv − πuπv

πuπv

)y′uy
′

v

]

(2.5)

where y′u = yu − Rxu and R = µy

µx
.

3 A ratio estimator for unequal probability

sampling

Bacanli and Kadilar [10] developed a ratio estimator for unequal prob-
ability sampling design:

ȳB =
ȳHT (µx + Cx)

x̄HT + Cx

(3.6)

where ȳHT = 1
N

∑n

i=1
yi
πi

and x̄HT = 1
N

∑n

i=1
xi

πi
are Horvitz-Thompson type

estimators of the population means of the study and auxiliary variables. The
MSE of this estimator can be given by

MSE(ȳB) =
1

N2

[

N
∑

i=1

N
∑

j=1

(
πij − πiπj

πiπj

)y∗i y
∗

j

]

(3.7)

where y∗i = yi − RBxi, RB = µy

µx+Cx
and Cx is the population coefficient of

variation of the auxiliary variable, and Bx is the population kurtosis of the
auxiliary variable.
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4 An alternative ratio estimator for path sam-

pling

Combining the Bacanli and Kadilar ratio type estimator for unequal
probability sampling and the generalized ratio estimator [1] for path sam-
pling, we propose the alternative ratio estimator for path sampling:

µ̂p1 =
ȳp(µx + Cx)

x̄p + Cx

Using Eq. (3.7), the MSE of the proposed estimator can be given by

MSE(µ̂p1) =
1

N2

[

N
∑

u=1

N
∑

v=1

(
πuv − πuπv

πuπv

)y∗uy
∗

v

]

where y∗u = yu − R1xu and R1 =
µy

µx+Cx
.

5 Efficiency comparison

The MSE of the proposed modified ratio estimator and MSE of classical
ratio estimator are compared as follows:

Let euv =
πuv−πuπv

πuπv
and τ =

∑N
u=1

∑N
v=1

euv(yuxv−yvxu)
∑N

u=1

∑N
v=1

euvxuxv
. Consider

MSE(µ̂p1) < MSE(µ̂p)
N
∑

u=1

N
∑

v=1

euv(yu −R1xu)(yv − R1xv) <

N
∑

i=1

N
∑

j=1

euv(yu −Rxu)(yv − Rxv)

N
∑

u=1

N
∑

v=1

euv(yuyv −R1yuxv − R1yvxu +R2
1xuxv)

<

N
∑

u=1

N
∑

v=1

euv(yuyv − Ryuxv −Ryvxu +R2xuxv)

N
∑

u=1

N
∑

v=1

euv{(R1 −R)(−yuxv − yvxu) + (R2
1 − R2)xuxv} < 0,

R1 +R < τ ; for R1 > R (5.8)

or
R1 +R > τ ; for R1 < R (5.9)
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Therefore, when the condition (5.8) or (5.9) is satisfied, the proposed
ratio estimator is more efficient than the classical ratio estimator, µ̂p.

6 Conclusion

In this paper, an alternative ratio estimator was proposed for path sam-
pling and its efficiency was investigated. The mean square error was obtained
and compared with the classical ratio estimator. When the proposed ratio
estimator is better than the traditional ratio estimator, the conditions were
presented theoretically. We discovered that when condition 1: R1 + R < τ
for R1 > R or condition 2: R1+R > τ for R1 < R was satisfied, the proposed
ratio estimator was more efficient than the classical ratio estimator µ̂p.
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