CHARACTERIZATIONS OF ARITHMETICAL PROGRESSION
SERIES WITH SOME COUNTEREXAMPLES
ON INTERPOLATION
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Abstract. Characterizations of the functions

_ z an ) = 14z
f(z)_(l—z)Q df() (1—2)2

are given. We also give counterexamples to show that some generalized problems
on interpolation do not hold.

1. Introduction. Suppose that

flz) =) an"
n=0

is a power series with positive coefficients and positive radius of convergence. As-
sociate a_; = 0, r, = ap—1/a, forn=20,1, 2, .... It is known [3] that if

. Qn
lim =R,

n—oo an+1

then the radius of convergence of

is R and also [2] if

log(722-)
liminf ——~ = L > 0,
n—oo  logn



then
o0
E anz"
n=0

is an entire function of order < 1/L. In addition, if

log( %)
lim —** =L >0,
n—oo logn

then
o0
E anz"
n=0

is of order 1/L.

In his paper [1], Abi-Khuzam used the term “normalize” as follows. If
g(z) = f(cz) with ¢ a positive constant, then g(z) will have positive coefficients
{bn} and if s, = bp_1/by, then g(sy) = f(rn), n = 0,1,2,.... Thus, one can
normalize the function f(z) to make a1 equal to a given number without changing
the sequence {f(r,)} and such a normalization was incorporated in [1] where the
following theorems were proven.

Theorem 1 [1]. If
flz)= Z anz"
n=0

is a power series such that

(i) ap >0forn=0,1,2,...,
(ii) 0 < rnp < R < o0, where R is the radius of convergence, and
(iii) there exists a positive real number « such that a; = o+ 1 and

n—+a«

a+1
) forn=0,1,2,...,
Q@

) =

then
f(z)=(1—2)“forall |z| < 1.
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Theorem 2 [1]. If
flz)= Z anz"
n=0

is an entire function such that
(i) ap >0forn=0,1,2,..., and
(ii) a1 =1 and f(r,) =e™ forn=0,1,2,...,
then
f(z) =¢* for all z.

In concluding an interesting paper, Abi-Khuzam [1] raised the following ques-
tions.

Problem 1. If
FO) =3 anr™, g(r) = bur",
n=0 n=0

Ty = Ap—1/0n, Sn = bp_1/byn, and f(r,) = g(sn) for all n > 0, does it follow that
modulo normalization f = g?

Problem 2. Since the hypothesis of Theorem 2 holds for functions with positive
and negative coefficients e.g., f(z) = e #, one may ask whether it holds true under
the assumption a, # 0, instead of a,, > 0.

In this paper we will find characterizations of a type similar to Theorems 1
and 2 and also solve Problems 1 and 2.

1. Characterization of f(z) = z/(1 — z)2. Consider the power series

o0
x
flz)=z+22°+32° + ... = E nw”zma —l<z <L
n=1

Here r, = n/n+ 1 for n = 0,1,2,.... Since 0 < r, < 1, f(ry) = n(n + 1),
n=0,1,2,.... This suggests the following theorem.

Theorem 3. If

flz)= Z bn2"

n=1
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is a power series such that
(i) by >0forn=1,2,....
(ii)) 0 < s, < R < o0, n =0,1,2,..., where R is the radius of convergence
and s, = by /by11, and
(iii) by =1, by =2, and f(s,) =n(n+ 1),
then

f(z)= % for all |z] < 1.

(1-2)
Proof. It is clear that
o a=p

satisfies (i)—(iii). We now prove that

(1-2)

is the only such function. This is clearly true if z = 0. Suppose now that z # 0.
Let

Then

P(z) = Z bpy12"
n=0

with the same sequence {s,} associated. Using by = 1 and by = 2 we can write

P(z)=142z+ Z bpt12™.
n=2
Letting a,, = bp41, n =0,1,2,... we have

[e )
Piz)=1+2z+ Zanz"

n=2



with the sequence

o= {5

associated. However, P(r,) = P(s,) for n =0,1,2,.... Then

[ee]
P(z):Zanz" with a, >0 forn=20,1,2,...,

n=0
Ap—1 b
O<r,=——==—""=3,<00, a =2, and
an bn+1

Next, we show by induction that s,, = n/n 4+ 1. From the representation of P(z)
above, s; = 1/2. Suppose then that s, = n/n 4+ 1. We shall show that s,1 =
(n+1)/(n+2). Now s182...8, = 1/bpy1. Thus,

1 1
bnya = — 712 n :
51582...5,5n+1 33 pFiSntl
Therefore,
n—+1 n+1 bn+1
bn+2 = Or Sp41 = =
Sn+1 bn+2 bn+2

which implies that b,+1 = n + 1 and consequently s,4+1 = (n+1)/(n + 2).

As a result we get

forn=0,1,2,.... Thus, by Theorem 1 (with a = 1) it follows that



Consequently,

and the proof of Theorem 3 is complete.

3. Characterization of f(z) = (1 +z)/(1 — z)2. To find such a characteri-
zation we will use the following.

Lemma. The function

o= ()

is a decreasing function on [2, 00).

Proof. log f(z) = (22 — 1)[log z — log(x — 1)] implies

F ZQIOgJ;il_;(i:i)

and it suffices to show that

T 2r -1
r—17" 2z(zx—1)

log

But this follows easily using the derivative of

T 2r —1
r—1 2z(x-—1)

log

and the proof of the lemma is complete.

Next consider the power series

o
1
f(:c):1+3x+51‘2+---:Z(2n+1)sc":ﬁa —l<z<l

n=0



Here ro =0 and r, = 2n —1)/(2n+ 1) for n = 1,2,.... Since 0 < r,, < 1 for
n=20,1,2,..., f(rg) =1, and f(rp) =n(2n+1), n = 1,2,.... This suggests the
following theorem.

Theorem 4. If
o0
f(z)= Z anz"
n=0

is a power series such that
(i) ap >0forn=0,1,2,...
(i) 0 < rp, < R < 00, n=0,1,2,..., where R is the radius of convergence
and 7, = a,,—1/ay,, and
(i) ao =1, a1 =3, and f(r,) =n(2n+1), n=1,2,...
then

1
"2 forall 2] < 1.

f(Z):m

Proof. Clearly

142
(1—2)

satisfies (i)—(iii). We now prove that

142
(1—2)2

is the only such function. Using ag = 1 and a; = 3 we can write

f(z) :1+3z—|—ianz”

n=2

with the sequence

= 1%



associated. Now f(r1) = 3. Since r1 = 1/3, we have 3 = f(1/3). The positivity
of {an} implies f is increasing on [0, R). By (iii), {f(r»)} is increasing. So {r,} is
increasing. Thus, r; <r, < R or

1
3 <r,<Rforn=1,2,....
Consequently,
lim r, = R.
Let
+1 2n + 1
= f n =
p= ngl —" and § = il;}; T
Clearly
1
3 SPASR<0<3R
Moreover,
2n+1 on+1

rp <2n—1<

Tn, form=1,2,....

]

In particular (n = 1) we see that § < 1 and § > 1. Let r be a number such that
0 < r < 8. We shall show by induction that

f(n)(T)S (2n+1+€)...(5+g)(3+§)

f(r), forn=1,2,....

2n(B—r)m
First
’ > © 1 o
f (T)zZnanrnflz—ZZnanr” 1 §Z(gn_1 PR Za"
n=1 n=1 n=1

< - Z(Z” + Dag—1r" ' + %@ = % Z(Zn + 3)a,r" + %@

2ﬁn:1 r n=0 r
1 & 3 1 o 3 1
= an:;)nanr +(ﬁ+§)f( ) = Bf( ) (%+ T)f(r)-



Thus,

B
f/(r)gég—i_r :

Assume the induction hypothesis that

fl=n Z nn—1)---(n—k+ 2)a,r" k1
—k—

n 1

Ck—1+2)...5+2)3+5)
- 2k71(6 _ T)kfl f(?“)

for some integer k > 2. Then

NE

FfRE) =S "nn=1)(n—k+a,r"*

k

3
[

=S k= D+ k= 2)-
n=1
1 o 1
= 5Z(2n+2k—2)(n+k—2)---nan+k,1r”
1 o)
=3 Zn (n+k—2)2mn+k—1) —1anp_1r""
1 - n—1
—|—§Zn---(n+k72)an+k,1r

iﬁz (n+k—=2)2n+k—1)+ 1apsk 2"

1 oo
52 “n+k—2)apip1m"



n—1
An+k—2T

=%§§n~(n+k—®Pn+k—U+%

i
I

< % ni_o:l n---(n+k—2)napip_or"”
i (k - %> % in (nA k= 2)agpor" 4 %f(kir‘l)(r)

= % i(n —Dn--(n+k—2)antr—or""
+<k+%>%§§n”(n+k_2mnM2wz1+%fijM

= % i” 4k = Dansp 1" + <k + %) %f(k—l)(r) N %f(k;ﬂ(r)

n=1

=210 + (k4 5) 3100 + 5140

3 3
%f(k)(r) S (k+ %) %fk*l(r) + %fki:(r).
Thus,
R e A0
1 Bl er—1)
=35 {%—l—l—i— r]f D).
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Consequently,

1 (2k+1+2)2k 1+ 8)... 5+ 2)3+8)
* GREL )

fPr) <

which completes the induction proof.

We now use inequality (1), Taylor’s Theorem, and the binomial series to obtain
for0<e<r<pg

n

= (),
py =3 gy

> (9, BY... (548 ]
B SR RCR (A

= 2onl(F ) (= o)
<10 [1+§:1 ot Le )4 P34 ) (ﬂ_ﬂ

Next, let s be a number such that 0 < s < (3. We shall show that

F(s) > (2n2+<51)—)53f(8) forn=1,2,....
n — S n
Now,
fl(s) = Znansnfl = Z 2na,s” !
n=1 n=1
1 — 1 &
> Z _ n—1 > o n—
> 5 ;(Zn 1)ans 2 55 ;(Zn—l— 1)an—_1s
1 s n S 3
=55 ;(% +B)ans" = <f () + 55f(5)-
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Thus,

Assume the induction hypothesis that

f(kfl)(s) = Z n(n—1)---(n—k+ 2)a,r" k1
—k—1

for some integer k > 2. Then,

NE

FfRO ) =S "nn—1)(n—k+1aps"*

Il
B

n

M

(n+k—1)n+k—=2) - napp 15" "

i
I

Il
N =
NE

(2n+2k —2)(n+k—2)--na, 15" "

3
Il
-

IV
N | —
NE

n---(n+k—=2)2n+k—1)—1app 15"

n=1

1 (o0}
=0 (et k= 2)(2n+ 2k — Dagapos"
n=1

Y

20

1 (o9}
=25 Z(n +1)---(n+k—1)(n+2k+ Dayrr_15"
n=0
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o0
%Z nn+1)---(n+k—1apir 15"
2k +1
55 m+k—=1)---(n+2)(n+ Daptr_15"
n=0

s 2k +1 0
= 270 (s) + ZELp0 ),

Thus,

12k+1

_25—sfk )

FPs)
and therefore (using the induction hypothesis)

£ = B2 R )

which completes the induction proof.

Similarly we use inequality (2), Taylor’s Theorem, and the binomial series to
obtain for 0 < c<s< 3 <4,

o o+ 82 Rn3 ey pofie]|

Case 1. ([ is achieved). There exists m > 1 such that

2m +1
2m — 1

p=

Tm-
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We shall show that 3 = 1. If m = 1 there is nothing to prove. Assume m > 2. Now
B > rpy and we can use ¢ = 1,1 and 7 = rp, to get

3+%
|:B - 'rm1:| 2 > f(rm)
B—rm B f(rmfl)
But,
ﬂ _2m+1
T 2m—1"
Therefore,

(] ]

Now using the lemma we have

m 2m—1 m+% 2m
_ > .
m—1 “\m-1

2

Thus,

5_7"111—1 4m71> 2m+1 2m 2m+1 2m71_ 2m+1 4m—1
B—Tm = l2m—1 2m — 1 T l2m—1

and consequently,

So
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It follows that

2m—1
> .
Az 2m—3ﬂ
Sincem —1>1,
2m—1
< _
A< 2m—3rm !
Therefore,
2m —1
p= 2m73rmf1

Proceeding as above it follows that g = 1.
Now by the definition of 3 we have

1 2 1
— < nt forn=1,2,
n 2n —
But,
1
Qp =
rire...'n

and hence, a,, < 2n + 1. Thus,

:f(%) :ianG)n < i(2n+1)<%>n:3

n=0

and so a, = 2n + 1. Consequently,

1
+22 for all |2z] <1

f(Z)Zm

in this case.
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Case 2. (8 and § are not achieved). Here for every n = 1,2, ...

2n+1
m—1"

B < <0

Since ( is an infimum, a subsequence of

2n+1
m—1"

must converge to 3. But as the subsequence itself is convergent we must have

. 2n+1
lim

n—oo 2n — 1

rn = 0.

Then

lim r, = (.
n—oo

So B = R. Since ¢ is a supremum, we must also have

lim r, = 6.
n—oo

Thus, 8 = R = § and using the definitions of 5 and § we have

2n + 1
=R
m—1"
for all n =1,2,.... That is, this case cannot occur.
Case 3. (f is not achieved but ¢ is). Here for every n = 1,2,... we have
2n+1
B<gn=q™
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and there is an integer m > 1 such that

5 2m+1
= T
2m — 1

If m = 1, there is nothing to prove. Assume m > 2. As in Case 2,

2n + 1
li =
S oo =3

so that 8 = R. In particular, r,, < 8 < for n =0,1,... and we can use ¢ = r,_1
and s = r,, to get

(=) < [ty

But

m < 2m + 1 2.
m—1—"\2m—1
So

O — 'y—1 < 2m + 1
b—rm — 2m-—1

and the result follows as in Case 1.

4. Counterexamples. Here is a counterexample for problem 1.

Let

and let



Clearly,

1\? 1 1\?
rm=ell+ — and s, = -1+ — for n > 1.
n e n

Now
Fr) =1 +§1 ﬁ [(1 + %)nr — glsp) for k > 1.

Moreover, since 19 = 0 and sy = 0, it follows that f(rg) = 1 = g(s¢) and therefore
f(rk) = g(sg) for k > 0. However, f # g.

Here is a counterexample for Problem 2.

Let

flz)= Z anz"
n=0

be an entire function such that
(i) ap <0 forn=0,1,2,...
(ii) @1 = —1and f(r,) =e™ forn=0,1,2,...
and put g(z) = —f(z). Then clearly g(z) satisfies all the hypothesis of Theorem 2
and thus, g(z) = e* for all z. Consequently, f(z) = —e* for all z.
This shows that the condition a, > 0 for n = 0,1,2,... cannot be relaxed to
the condition a, # 0 forn =0,1,2,....
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